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The one-electron atom
H (Z=1), Het (Z =2), Li?T (Z=23), ..., U9t (Zz =92), ...

Electronic Hamilton operator (for point-like clamped nucleus)*:

h2 v2 Z 62

2me KgT

H\el =Te+ Ven= — (139)
Determination of stationary bound states, i.e. solutions (7| ) = ¢(r)
with E < 0, to the time-independent Schrodinger equation (with H,
from above):

_ h2 Z e?
<He|—E)¢("°)=<—2 V2 -

Me KoT
Firstly, we remove the fundamental constants by switching to ‘atomic
units'. This reduces the mathematical work to pure numbers, and

eliminates quantities which have experimental uncertainties.

_ E) w(r) =0 (140)

*The finite mass of the nucleus can be taken into account by switching from the electron mass Mg
to a reduced mass u, where p=! = m,~t +m~! and m, is the nuclear mass.
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Atomic units?

Physical quantity Symbol (name) Value in SI units?
mass Me 9.1093826(16) x 10731 kg
charge e 1.60217653(14) x 107 C
angular momentum, action h 1.05457168(18) x 1073* Js
el. permittivity 4me, Ko 1.112650056... x 10710 Fm-1
length kh?/(mee?) = h/(amec) a, (bohr) 5.291772 x 1071 m
time h/E, = h/(a?mgc?) 2.418884 x 10717 s
velocity agE, /h = ac 2.187691 x 10° ms-1
linear momentum h/ay = amec 1.992852 x 10724  kgms™?
force E, /a, 8.238723 x 1078 N
energy e?/(kgay) = a’mec? E, (hartree) 4.359744 x 10718 J
power E,?/h 1.802378 x 1071 W
charge density e/a,> 1.081202 x 1012 Cm-3
el. current eE, /h 6.623618 x 1073 A
el. potential E, /e 2.721138 x 10! \%
el. capacitance rigdo 5.887891 x 1072t F
el. resistance h/e 4.108236 x 10° Q
el. field strength (E) E,/(ea,) 5.142206 x 1011 vVm-1
el. displacement (D) e/a,? 5.721476 x 10t Cm~2
el. dipole moment ea, 8.478353 x 1073%  Cm
el. quadrupole moment ea,? 4.486551 x 10740 Cm?
el. polarizability (eay)?/E, 1.648777 x 1074 C2m? J!
magn. flux h/e 6.582119 x 10716 Wb
magn. flux density (B) h/(eay?) 2.350517 x 10% T
magnetizing force (H) eE, /(ayh) 1.251682 x 108 Am~1
magn. dipole moment efi/me = 2pug 1.854802 x 10723 JT11

9Based on CODATA recommended values 2002 (http://physics.nist.gov/constants/).

bThe standard deviation uncertainty in the least significant digits is given in parentheses.

Now the Schrodinger equation reads

(ﬁe, —E)w(r) = (—%Vz—g—E> W(r) =0 (141)

which is transformed from cartesian coordinates (x, y, z) to spherical
coordinates (r, 0, ¢), with 0 <r < oo, 0<60 <, and 0 < ¢ < 27.

Laplace operator A and squared angular momentum operator 2 (in
atomic units) in spherical coordinates:

19 ,0 12 102 I?

A=V2=__"_",22 " -~ ,___ 142
r2 8TT or 12 rarzr 7“22 ( )
1 0 3] 1 3]
"2 .
[“= - {——sinf—+ —— — 143
{sineae ae+sin2ea¢2} (143)

Separation ansatz for the state function:

Y(r) =¢(r,0,¢9) = R(r) Y (0, ¢) (144)

(this is always possible for ‘central fields’, i.e. V =V (r)).
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The angular part is found to be a spherical harmonic, Y (0,¢) =
Vi (0, ¢), which is an ‘angular momentum eigenfunction’, i.e. a si-
multaneous eigenfunction of (2 and I. (in atomic units):

12 Vi (8, ¢) = 11 4 1) i (6, ¢) (145)
Iz lem(ga ) =m lem(ev ®) (146)

Orbital angular momentum quantum number [: [ =0,1,2,3,...,
Magnetic quantum number m: —l < m <.

Explicit form for the spherical harmonics (with Condon—ShortIeyT phase
convention), -l <m < [:

Vi (0,0) = ©,,(6) @,,,(¢) = (—1)"™ N, P/ (cos §) e'™¢ (147)

2041 (1 —m)! . m "
Nlm_\/ 4 (l—|—m)!’ Yi,—m(97¢)—(—1) lem (97¢)

/Q Yo, (0, ) Yy, 1(6,) dS2 = 6,48,

T E. U. Condon (1902-1974), G. H. Shortley (*1910)
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Notation for single-particle eigenfunctions of angular momentum:

?‘walm> =1+ 1)h2|¢alm>
lz\¢a5m> :mh|¢alm>

1 2 3 45 6 7 8 9 10
p d f g h i k I m n

l|o
S

Notation for many-particle eigenfunctions of total angular momen-
tum:

L2 | W)= LL+ 1) | Warm)
L\ Worv) = MAB[ W)

n n
L.=Y 1., L= 1, I?=L L
L|0O1 2 3 456 7 8 9 10
'S PDFGHTIKTL M N
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The associated Legendret functions P/"(cosf) are related to the Le-
gendre polynomials P(z) = Plo(x) (z = cos@). The following relations

hold (for —I < m <, where applicable):

1
m _ 2 m 2 l
B () = 5 (1= a?)™2 = R (148)
1 d
Bx) = 5@ = D! =oF (-LI+ 11 (1 - 2)/2)  (149)
_ (—m)!
m — (_1\m m
@) = ()" S @) (150)
20+ 1 l4+m
p = ¢ P™ - p" 151
141 () [ —m4 1 " (z) I —m+1 11 () (151)
2m _
P (2) = = F"@) = (+m) - m+1) A" Yz) (152)
V31—
! A.-M. Legendre (1752-1833)
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The first Legendre polynomials

! Py (x)

1
X

%(3:1:2 - 1)

% (523 — 3z)

2 (352* — 3022 + 3)
(6325 — 7023 + 152)

o A W N = O
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The first associated Legendre functions

I m P/ (cosf) I m P/ (cos0)

0 O 1/3 0 3(5cos30—3cosb)

1 0 cosf |3 41 3sinf(5cos?6— 1)

1 +1 sing |3 —1 —%sind(5cos?0—1)

1 -1 —3sing |3 42 15sin2 6 cos 6

2 0 5(3cos?9-1)|3 -2 £sin26cos

2 41 3sinfcosf | 3 +3 15sin39

1 1 i3
2 -1 —§S|n0COSQ 3 -3 —Esm 0
2 42 3sin24
1ain2
2 =2 5sin 0
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The first spherical harmonics
(Condon-Shortley phase convention)
[ m Yim (0, ¢) I m Yim (0, ¢)
1 7 <39 a3

0 O V= |3 +3 —15 \/5ggg-Sin> 0 e3¢
1 +1 —\/g=singel® | 3 42 15/ zd5—sin2 0 cos 6 219
1 0 Vacosf |3 +1 —3,/zL sing(5cos?6—1)el?
1 -1 \/isinee—“b 3 0 21/4=(5cos30 — 3 cos )
2 42 3\/52-sin20e?% |3 —1 %\/%Sine(SCOSQQ— 1)e ¢
2 41 -3 S|n9c050e'¢ 3 -2 15 o sin2 9 cos e 21¢
2 0 j,/—(3 cos?6—1) |3 -3 15\/% sin30 e3¢
2 -1 3,/52-sinfcosfe ¢
2 -2 3 52-sin2ge21¢
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Two-point boundary value problem for P(r) = r R(r) (as resulting
from the separation ansatz):

2
(5124-2[-E Vﬁ@ﬁ]) P(r) =0 (153)
W(T)=%—§, P(0) =0, lim P(r) =0

Physically acceptable (i.e. normalizable) solutions exist only for a
discrete set of energies: Quantization due to the boundary condi-
tions.

Radial functions (eigenfunctions):

Poy(r) = Ry (r) = Ny ol 1 L (2) e=7/2 (154)
27 1 !
z="2r, N, ==,]z-"" ne=mn—1-1>0
n n (n+ D!

00 5 00
/0 Ry (r) Rn’l(r) redr = /0 P (r) Pn’l(r) dr = 0,y
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Energy eigenvalues (in atomic units):

BE,=E, = - (155)

These are degenerate for n > 1 (further details below).
Principal quantum number n: n=1,2,3,...

This result for E,, is also an important hint for the understanding of
the stability of matter: E,, > — oo, i.e. the electron does not collapse
into the nucleus, despite the singular attractive potential, due to a
balance between Kinetic and potential energy.

Generalized Lag uerre$ polynomials:

L@ (g) = Lot D (a+ )

2k+a—1
k

k+aoa—1
k

L (z) = & L,ﬁ‘i)l(x) = L) (k>2)
(157)

§ E. N. Laguerre (1834-1886)
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The first generalized Laguerre polynomials

L™ ()

A W N R O| >

1

(a+1)—z

(et D(a+2) —2(a+ 2+ |

@+ D@ +2)(a+3) - 3(a+2)(a+3)z+3(a+3)2? -2 |

| (a+D(a+2)(a+3)(a+4) —4a+2)(a+3)(a+4)z

+6(a +3)(a+ 422 — 4(a + 4)z3 + 2% |

135 | (@ +1)(a+2)(a+3)(a+4)(a+5)
—5(a+2)(a+3)(a+4)(a+5)z + 10(a + 3)(a + 4)(a + 5)?
—10(a+4)(a+5)z3+5(a+ 5)z% — z° }

N o= N~
#|"'
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The first radial functions of one-electron atoms

n | np P,(r) (x =2Zr/n)
1s|1 0 O VZ ze /2
252 0 1 22w (2—az)e /2
2p|2 1 0 32 12 e /2
33(3 0 2 L2 (3 -3z +22/2) e /2
3p |3 1 1 3\/>x2(4 z) e—o/2
3d/3 2 0 2\/155 23 e /2
4s |4 0 3 1\/Z2(4-62+222—23/6)e /2
apla 1 2 31/ & 12 (10 — 5z + 22/2) e~/
4d |4 2 1 /4523 (6 —z)e /2
afF |4 3 0 %\/%x e—z/2
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Radial functions P,;(r) of the one-electron atom (for n =1, 2, 3, 4)

0.8 1 n=1 (15) 0.4 - n=3 (35, 3p, 3d)
Pnl(r)
0.6 - Z12 0.2 A
-Pnl(r)
Z1/2 0.4 - 0.0 H~
0.2 A -0.2 A
OO T T T T T T T _04' T T T T T T T T T T
0 10 zZr 0 10 20 30 Zr
n =2 (2s, 2p)
0.4 0.4 - n =4 (4s, 4p, 4d, 4f)
Pnl(r) Pnl(r)
Zl/2 0.2 ~ Zl/2 0.2 A
0.0 +- 0.0 +
-0.2 ~ -0.2 A
-0.4 ~ -0.4
0 10 20 Zr
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Eigenfunctions and energy eigenvalues (in atomic units) of the one-
electron atom:

1 122
wnlm('r) — ; nl(r) Ylm(9,¢)7 Epim = E, = — 5? (158)
n=123,4,..., [=0,1,...,.n—1, m=—l,—l+1,...,1

(nlm | n/l/m/> = /¢nlm(r) ¢n/l/m/(’r) dr = 5nn’ 5”/ 5mm/

Ground state and corresponding energy:

Y100(r) = z2 e Zr =1 /Zogre2r 1 B = z* (159)
) = \— = — T —, = — —

100 T T Var 1 2

For isovalue plots —i.e. representations of all points » with v,,;,,,(r) =

|c| for chosen ¢ € R — of the eigenfunctions of the one-electron atom,
see J. Brickmann, M. Kloffler, H.-U. Raab, Chemie in unserer Zeit 12
(1978) 23-26.
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Degree of degeneracyﬂ:

l
m degeneracy: g = » 1=2l+1 (160)
m=—I
n—1
| degeneracy (without spin): g, = > g, = n? (161)
1=0
| degeneracy (spin included): g, =2g, = 2 n? (162)

The value g7 essentially determines the length of the rows (‘periods’)
in the table of chemical elements (2, 8, 18, 32), whereas the value
29, = 2(2l + 1) determines the block structure of the ‘periodic’ table
(s-, p-, d-, and f-block for [ = 0, 1,2, 3, respectively).

T The degeneracy with respect to [, eq. (161), is a special property of the one-electron atom (with
point-like nucleus), and is not present in many-electron atoms. For example, the 2s and 2p states
of a one-electron atom are degenerate, i.e. they have the same energy, but the ‘orbital energies’
for the 2s and 2p orbitals in any state of a many-electron atom are always different.
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The ‘periodic’ table of the chemical elements
(2004)

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

1 H He
) 3. 4 5 6 7 8 9 10
Li | Be B|C|N|O|F | Ne
11 12 13 14 15 16 17 18
3 |Na |Mg AllSi|P|s|c|Ar

4 19 | 20 | 21 | 22 | 23 | 24 | 25 | 26 | 27 | 28 | 29 | 30 | 31 | 32 | 33 | 34 | 35 | 36
K|lCa|Sc|Ti|V |CrIMn|Fe|Co|Ni|Cu|Zn|Ga|Ge| As | Se | Br | Kr

5 37 | 38 | 39 | 40 | 41 | 42 | 43 | 44 | 45 | 46 | 47 | 48 | 49 | 50 | 51 | 52 | 53 | 54
Rb|Sr| Y |Zr |[Nb|Mo|Tc|RuUu|Rh|Pd|Ag|Cd|In |Sn|Sb|Te| I | Xe

6 55 56 % 72 73 74 75 76 77 78 79 80 81 82 83 84 85 86
Cs | Ba Hf | Ta| W |Re|Os| Ir |Pt|Au|lHg | TI |Pb| Bi | Po| At | Rn
7 87 88 ok 104 | 105 | 106 | 107 | 108 | 109 | 110 | 111 | 112 | 113 | 114 | 115 | 116 | 117 | 118
Fr | Ra Rf |Db|[Sg|Bh|Hs |Mt|Ds| v [(V) V) ) (?)

*| 57 | 58 | 59 | 60 | 61 | 62 | 63 | 64 | 65 | 66 | 67 | 68 | 69 | 70 | 71
La|Ce|Pr|Nd/Pm|Sm|Eu|Gd|Tb|Dy|Ho | Er |ITm|Yb| Lu

%% | 89 | 90 | 91 | 92 | 93 | 94 | 95 | 96 | 97 | 98 | 99 | 100 | 101 | 102 | 103
Ac|Th|Pa| U |[Np|Pu|Am|Cm|Bk| Cf | Es [Fm|Md|No | Lr
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The variation principle at work (I)
The ground state 1s! 2S of the one-electron atom

Definition of the system under consideration:
1

—~ ~ o~ ~ ~ A
H=T+V, T:—§A7 V:Vnuc(r)z—
A set of trial functionsl':
1. Slater function (¢ > 0): 3. Lorentz function (a > 0):
—1
Ys = Ng exp (—¢r) v = N_ [1 + (a'r)Q]
2. GauB function (a > 0): 4. PreuB function (¢ > 0):
2 -2
Y = Ng exp (—ar®) Yp = Np |1+ cr|

IRefs.: C. Zener, Phys. Rev. 36 (1930) 51, J. C. Slater, Phys. Rev. 36 (1930)
57 (Slater function) — S. F. Boys, Proc. R. Soc. London A 200 (1950) 542,

H. PreuB, Z. Naturforsch. A 11 (1956) 823 (GauB function) — H. PreuB, Z.
Naturforsch. A 13 (1958) 439 (PreuB function).
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Trial functions (unnormalized)
for the ground state of the one-electron atom

exp(—x), . = _r
: exp(—z2), = = ar
1/(1+22), z=ar
1/(1—|—ac)2, Tr =cr

vrov

f(x)
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Estimate for the ground state energy:

(B)=(H)=(¢|H|¢)= [v@) Ho@)dr = (T)+(V)

(Ty= — J(wIAlp) =+ (Ve|Ve), (V)= -2

Mathematical preliminaries:
e T he beta function:

I (b
B(a,b) = Ma)(b) = B(b,a)
(a4 b)
B(a,b) /1t“_1(1 Dtar= [ " G (4> 0.6 0)
a,b) = — = — a
’ 0 0 (14t)atb ’
e Useful integral formulas:
o0 10
/ 25 Lexp (—pz™) dz = = (s/n) (p>0,s8/n>0)
0 n  ps/n
AT 0 0
—————dx==B(p-s/n, > 0,np—s >
| oy 85 = B@ = s/ns/n)  (s/n>0.mp—s>0)
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1. The Slater function g = Ng exp (—(r), (opt =7:

(rFy = N2 ar /OOO drrFt2e72¢" = N3 4W% (k> =3)
<1>:<7~0>:N52C1351 = Ns=1/n
M(k+3) 1
<Tk>:wc—’f 2
T N Tl ey L R
(T)=+5Ns ¢ Jo dm(dxxe )
1 4 o0 -2z 1
=5 %% 5 dz (1 — z)%e™? :ECQ
(V)= —-2¢
1 d(F
(E):ECQ—ZC:>%=C—Z=0:>Coptzz
E 1 !
P=a(le-1) @=¢2 = Ban= 37
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2. The GauB function g = Ng exp (—ar?), acpt =7

o 2 1 r m
(rk>=N%47T/O drrht2e=207 =N%47r§7( 2; (k> —3)
(2a) 2
3/2 0N 3/4
1) = N, =1 = N =(—>
1= = 3 () e
k+3
f(za)k/z’
4 2
(T') = + 2 7T/ dx (—xe_m2>
%NQ 47r/ dz (1 — 242)2e~272 =§0‘
(VY= —2Z/2a/x
3 2 872
(E>=—a—22 20 L W) 3 202 20 5 g =0
s 2 T Orm

ZQ

@—x(Qx—Q\/g) (x =Va/Z) = Emm——3—7rZ

4 o
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3. The Lorentz function ¢ = N|_ [1 + (ar)z] . Gopt =7
k+2 ¢ 4 1
k 2 o r T o 4m 1- k: k+3
= N24r [ =NZ 5= B~

21 1—-k k+3
ky — = — _
(") = B(5— = (-3<k<1)
1 247'(' S8 d X 2
TY= 4+=N —/ d (— )
(7) +2 L a 0 v dr 1+ 22

1 24m e (A- z?)? _1.
2 a Jo (1—|—x2)4 4

[
|
=

E
|
O_

1 5 a d(E) 1

s da 2 T

NEICES
I
|
Q
|
N
N
|
J

2
T

23/ 48-5

47

1 2
Zx(—x——) (x =a/Z) = Enin = ——222
4 T
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-2
4. The PreuB function Yyp = Np [1 + cr} , Copt =7

k124 4

k . 2 o r T . 2 i

I =NEAT Sy e T NP ars BT REES)
47 3c3

1) = (+r0) = N2_Z = — Np =1/ ——

(1) =(r") = P33 = yym

3
(rk)zc—kB(l—k,k—I—3) (-3<k<1)

247'(' d X 2
(1) = + 233 [* 4 (@7(1+x>2>
247r/ d (1 — )2 162

N - -
P (14+2)6 5

<V>=—Zc/2

1 2 C d< > 5Z
EY=—-c"—-7— = —c——=0 = =
(B)=ge 2 de 5 opt = 7
FE 1 1 5
%:.f(gx—a) (ZC—C/Z) = Em|n——1—6 2
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Variation of the ground state energy ( F') of the one-electron atom
with the trial function parameter

<Z£2>=f(ac) =a2x2—|—a1m

_ xr
ok o2

x2)2 —x, x =(/Z

: 322/2-2\/2/nx, x = \Ja)Z
x2/4 —2zx/7, x = a/Z

22/5 —x/2, x =c/Z

f(x)

vrow

—0.5-

For optimal choice of the parameter x (i.e. at the minima), the
gquantum mechanical virial theorem, (V') /(T ) = —2, is fulfilled, and
thus (F) = (V) /2= —(T) in all four cases.
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Perturbation theory

Time-independent Rayleigh-Schrodinger perturbation theory for non-
degenerate states

Find a solution for the Schrodinger equation

with the Hamilton operator

o~ —

0
Hy,=HO 4+ S Mgk (164)
k=1
where X is a (natural or artificial) perturbation parameter (|A\| < Amax).
and assume that the solutions of the unperturbed problem

H(©)(0) — £(0),,(0) (165)
are completely known (with all E£(0) non-degenerate). Then put
Ey=EO 4 3 ) )k and vy =0+ 3 DA (166)

k=1 =1
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into eq. (163):
0= {ﬁﬂo) ~ 5O 4 i (ﬁ(w _ 6(k)) Ak} (w(o) + i NO /\z)
k=1 =1
— (A - 5@) 4O 4 i )\m{ (F(©) — B0 5(m)

m=1

m—1
+5 (AW W) xR 4 (Fm) ) ¢<0)}
k=1

Thus we obtain from the coefficient of \":

m=0" <ﬁ(0) _ E(O)> »(0) =0
m=1: <ﬁ(0) — E(O)> X(l) + (f{\(l) _ E(1)> 77b(O) -0
m=2: (H® - g0)@ 4 (HL - 1)), D

+ <ﬁ(2) _ E(2)) »(0) =0
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The ‘intermediate normalization’ condition

(pO |y =1 with (O [0y = 1

implies orthogonality between (%) and all x(:

(@ Dy =0 (for l=1,2,...)
Resulting expressions for (1) and (2):
CD = (0 | FD) | 4O (167)
e@ = (O | FD |, Wy 4 (50 (2|0 (168)
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The perturbation theory may be used advantageously

e to determine (non-variational) approximations to the solutions of
eq. (163):

By~ E® = B©) 4y~ 09 3k
k=1

b ) = 5O 4 37 O
=1

e to obtain exact values for derivatives of the energy E or the state
function ¢ to various orders in A at A =0, e.g.:
O"E

= nlel®)

The perturbation theory presented above can be extended to include
the case of degenerate states.
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The two-electron atom
H- (Z=1), He (Z=2), Lit (Z=23), ..., U%t (Zz=92), ...

Hamilton operator (in atomic units):
- 1_ -~ 1_, Z Z 1 ~ -~ 1
Hyy= —-ZVi-;V5————+—=h1+ho+ — (169)
2 2 Ty To 715 T1o
General structure of state functions for two-electron systems™*;
®(x1,z2) = f(r1,72)0(01,02)

Spin part © = |SMg): Singlet (S = 0, para-He) or triplet (S = 1,
ortho-He)

100) = (afB — Ba)/v/2
[11)=aa  |10)=(aB+Ba)/VZ  |1—1) =38

** ... as long as the Hamilton operator does not act on the spin of the particles.
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For the spatial part f(r1,7>) a suitable choice must be made. For S
states we can simplify further to f(r1,r2,712), or equivalently f(s,t,u)
with s =r1 +7ro, t =7r1 —1ro, and u = ryo.

Variational results for the helium ground state 1s2 1S 2.

f(S,t,U,) —Eopt/a.u.
e (Mg = g¢s 2.8477
@(r1) p(r2) 2.8617 b
e—Crle—m"z _|_ e—m‘le—CTz 2.8757 ¢
e (steu 2.8896
e %5 (1 4+ cu) 2.8911 ¢
e~¢stet cosh (at) 2.8994
e ¢s (co + c1u + cot? + c3s + cas? + C5u2) 2.9032
exact 2.9037 ¢

d E. A. Hylleraas, Z. Phys. 54 (1929) 347

b C. Froese Fischer: The Hartree-Fock method for atoms. Wiley, New York, 1977
€ C. Eckart, Phys. Rev. 36 (1930) 878

d \W.-K. Li, J. Chem. Educ. 64 (1987) 128

€ K. Frankowski, C. L. Pekeris, Phys. Rev. 146 (1966) 46
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The many-electron atom

A part of the knowledge of the state functions of the one-electron
atom can be transferred to the many-electron atom, if the following
assumptions are madefT:

1. Central field approximation: The electrons in the many-electron
atom are assumed to move in an effective central field Vg ;(r),
so that the orbitals can be written as ¢(r) = R(r) Y (0, ¢), with
Y (0,¢) = Vi (6, ).

2. Equivalence restriction: The radial parts are assumed to be
independent of the magnetic quantum number m: R(r) = R,,;(r).

The resulting set of radial functions P,;(r) = r R,;(r) has to be de-
termined for every state of the many-electron atom, e.g.

- He ground state (singlet): 1s2 1S — Pio(r)

- He excited states (singlet or triplet): 1s! 2s! 1,35 — Pi(r), Poo(r)
- Li ground state (doublet): 1s2 2s1 25 — Py5(r), Poo(r)

1 In addition to the approximation of the many-electron state function as a Slater determinant (an
antisymmetrized product of spin orbitals), or a linear combination thereof.
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Electron configuration of neutral atoms in the ground state (designated as 2°+1L;)

1 H 1st 2S1)2 26 Fe [Ar] 3d°® 4s2 5Dy
2 He 1< 1Sg 27 Co [Ar] 3d7 4s? *Fo/2
3 Li [He] 2s! 2S1)2 28 Ni [Ar] 3d® 4s2 3F,
4 Be [He] 2s? 1S, 29 Cu [Ar] 3d0 4s!? 2S1/2
5 B [He] 2s2 2p! %P1z 30 Zn [Ar] 3d10 4s2 1Sg
6 C [He] 2s? 2p? 3P 31 Ga [Ar] 3d'0 4s? 4p? 2Py,
7 N [He] 2s? 2p3 4S3)0 32 Ge [Ar] 3d10 452 4p? 3Po
8 O [He] 252 2p* 3p, 33 As [Ar] 3d10 452 4p3 4S3)2
9 F [He] 252 2p° 2P3)o 34 Se [Ar] 3d10 4s2 4p* 3P,
10 Ne [He] 2s2 2pb 15, 35 Br [Ar] 3d'0 4s? 4p5 2P3)5
11 Na [Ne] 3st 2S1/2 36 Kr [Ar] 3d10 452 4p® 1So
12 Mg [Ne] 3s2 1s, 37 Rb [Kr] 5s! °S1/2
13 Al [Ne] 3s2 3p! 2Py 38 Sr [Kr] 5s2 1S,
14 Si [Ne] 3s? 3p? 3P, 39 Y [Kr] 4d?! 5s? ’D3)n
15 P [Ne] 3s2 3p3 “S3)0 40 Zr [Kr] 4d2? 5s2 3F>
16 S [Ne] 3s2 3p* 3p, 41 Nb [Kr] 4d* 5s! 5D 5
17 CI [Ne] 3s2 3p° 2P3/s 42 Mo [Kr] 4d°® 5st ’S3
18 Ar [Ne] 3s? 3p® 1S, 43 Tc [Kr] 4d° 552 6Ss2
19 K [Ar] 4st 2S1)2 44 Ru [Kr] 4d7 5s! 5Fs
20 Ca [Ar] 4s? 1So 45 Rh [Kr] 4d® 5s! “Fo/2
21 Sc [Ar] 3d! 4s? 2D3), 46 Pd [Kr] 4d10 IS0
22 Ti [Ar] 3d? 4s2 3F, 47 Ag [Kr] 4d10 5s! 2S1)2
23 V [Ar] 3d3 4s2 4F3)2 48 Cd [Kr] 4d10 5s2 13,
24 Cr [Ar] 3d° 4s! ’S3 49 In [Kr] 4d!0 552 5p! 2P1)2
25 Mn [Ar] 3d° 4s2 6Ss /2 50 Sn [Kr] 4d'° 552 5p2 3Po
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51 Sb [Kr] 4d!0 552 5p3 S35 78 Pt [Xe] 4f14 5d° 6s! 3D3
52 Te [Kr] 4d10 552 5p* 3p, 79 Au [Xe] 4fl4 5410 gst 2S1/2
53 1  [Kr] 4d10 5s2 5p° 2P3)5 80 Hg [Xe] 4f!* 5d10 6s2 1S,
54 Xe [Kr] 4d10 5s2 5p6 1S, 81 TI [Xe] 4f'* 5d'0 6s? 6p! 2P1)2
55 Cs [Xe] 6s! 2Sy )0 82 Pb [Xe] 4f1% 5d10 652 6p2 3Po
56 Ba [Xe] 6s 15, 83 Bi [Xe] 4f*4 5d10 652 6p3 4S3)0
57 La [Xe] 5d! 6s2 2D3)5 84 Po [Xe] 4f1* 5d10 652 6p* 3Ps
58 Ce [Xe] 4f! 5d! 6s2 1G, 85 At [Xe] 4f!* 5d10 6s? 6p° *P3)2
59 Pr [Xe] 4f3 6s2 “Ig /2 86 Rn [Xe] 4 5d10 6s2 6p° 1S,
60 Nd [Xe] 4f* 6s? 51, 87 Fr [Rn] 7st 2S1 )0
61 Pm [Xe] 4f> 652 Hs)5 88 Ra [Rn] 7s? 1S
62 Sm [Xe] 4f® 6s2 Fo 89 Ac [Rn] 6d! 7s2 2Dg30
63 Eu [Xe] 4f7 6s2 8S7)2 90 Th [Rn] 6d2 7s2 3F>
64 Gd [Xe] 4f" 5d! 6s? °Ds, 91 Pa [Rn] 5f2 6d! 7s? *Kii/2
65 Tb [Xe] 4f° 652 ®His)o 92 U [Rn] 53 6d! 7s2 SLe
66 Dy [Xe] 4f10 6s2 51g 93 Np [Rn] 5f* 6d! 7s? 5L11/2
67 Ho [Xe] 4!l 6s2 152 94 pu [Rn] 5f® 752 "Fo
68 Er [Xe] 4f12 652 3Hg 95 Am [Rn] 5f7 7s2 8S7/2
69 Tm [Xe] 413 652 2F7/2 96 Cm [Rn] 5f7 6d! 7s2 °D>
70 Yb [Xe] 4f14 652 1S, 97 Bk [Rn] 5f% 6d! 7s? 8H17/0
71 Lu [Xe] 4f1% 5d! 652 2D3)» 98 Cf [Rn] 5f10 752 °Ig

72 Hf [Xe] 4f'% 5d? 652 3F, 99 Es [Rn] 5f1! 752 “I1s/2
73 Ta [Xe] 4f'4 5d3 6s2 “F3/2 100 Fm [Rn] 5f12 7s2 SHe
74 W [Xe] 4f1% 5d* 6s2 5Do 101 Md [Rn] 5f13 752 2F7/2
75 Re [Xe] 4f14 5d5 652 S50 102 No [Rn] 5f14 7s2 1So
76 Os [Xe] 4fl* 5d° 6s2 5Dy 103 Lr [Rn] 5f1* 6d! 7s2

77 Ir  [Xe] 4f% 5d7 6s2 “Fo/2 104 Rf [Rn] 5f% 6d? 752
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LS terms for electron configurations p2 and p3

p2: 3P (9), D (5), 1s (1)

p3: 4S (4), 2D (10), 2P (6)

(3)=15=9+5+1

(§)=20=4+10+6

Energy levels of neutral tetravalent atoms from the p-, d-, and f-block
(C, Ti, Ce), within an energy range above lowest ground state level:

AE = 1leV ~ 8065.55cm—1

(B, =2hcRy)
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Energy levels of C I} (280 lines of data) — IP = 11.26030eV

Configuration | Term | J | Level
| | | (cm-1) | | |
2s2.202 :-;; _____ :--;--: ------- 0.00 | 252-2P(2P*)26d | 1F* | 3 | 90721.0
P : | | |
: : ; : ig'ig 2s2.2p(2P*)27d | 1Fx* | 3 | 90732.7
| | | ) | | |
252.2p2 | 1D | 2 | 10192.63 2s2.2p(2P*)28d | 1Fx* | 3 | 90742.2
' ' ! ! |
| | |
2s2.2p2 | 18 | 0o | 21648.01 2s2.2p(2P*)29d | 1F* | 3 | 90753.8
' ' | | |
| | |
2s.2p3 | 5S* | 2 | 33735.20 | TTTTTTTTTTTTTTTTTC : -------- : ----- : ————————————
| | |
2s2.2p(2P*)3s | 3Px* | o | 60333.43 C II (2Px<1/2>) | Limit | | 90820.42
I | 1 | 60352.63 I I |
| | 2 | 60393.14 | C IT (2P*<3/2>) : Limit : : 90883.84
| I |
2s2.2p(2P*)3s | 1Px | 1 | 61981.82 | 2s.2p2(4P)3s | 5P | 1 | 103541.8
| | | | | 2 | 103562.5
2s.2p3 | 3D* | 3 | 64086.92 | | 3 | 103587.3
| | 1 | 64089.85 | | |
| | 2 | 64090.95 | 2s.2p3 | 3S% | 1 | 105798.7
| | I | | |
2s.2p3 | 1Px | 1 | [119878]

% Source: Atomic Spectra Database, http://physics.nist.gov/PhysRefData/contents.html
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Energy levels of Ti I (380 lines of data) — IP = 6.820 eV

Configuration | Term | J | Level | Lande | Leading
| | | (cm-1) | g | Percentages
------------------ e e e
3d2.4s2 | a3F | 2 | 0.000 | 0.66 | 100
| | 3 | 170.132 | 1.08 | 100
| | 4 | 386.874 | 1.25 | 100
| | | | |
3d3(4F)4s | aB5F | 1 | 6556.828 | 0.00 | 100
| | 2 | 6598.749 | 0.99 | 100
| | 3 | 6661.003 | 1.25 | 100
| | 4 | 6742.757 | 1.35 | 100
| | 5 | 6842.964 | 1.41 | 100
| | | | I
3d2.4s2 | a1D | 2 | 7255.369 | 1.02 | 96 2 3d3.(2D2) .4s 1D
| I | | I
3d2.4s2 | a3 | 0 | 8436.618 | | 92 7 3d3.(2P).4s 3P
| | 1 | 8492.421 | 1.50 | 92 7 3d3.(2P).4s 3P
| | 2 | 8602.340 | 1.49 | 90 7 3d3.(2P).4s 3P
| I | I I
3d3(4F)4s | b3F | 2 | 11531.760 | 0.67 | 100
| | 3 | 11639.804 | 1.08 | 100
| | 4 | 11776.806 | 1.26 | 98 1 3d2.3s2 1G
| I | | |

¥ Source: Atomic Spectra Database, http://physics.nist.gov/PhysRefData/contents.html
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Energy levels of Ti I (contd.)

3d2.4s2 |

3d4

3d2.4p2

3d2.4p2

a 5D

h 5D

> W N~ O

w

> W RR O

12118.

28772
28791
28828.
28882
289562.

48724 .
48724 .
48839.

48802.
48859.
48915
49024.
49036.

394

.86
.62

51

.44

10

34
83
74

32
51

.07

43
46

90

100
100
100
100
100

8 3d3.(2G).4s 1G
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Energy levels of Ti I (contd.)

Ti II (4F<3/2>)

N

49571
49619.

50128.

52125

53663.

.69

72

08

.98

32
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Energy levels of Ce I (953 lines of data) — IP = 5.5386 eV

4f .5d 6s2

4f .5d 6s2

4f.5d 6s2

4f (2F*) 5d2(3F)6s

4f .5d 6s2

(4F)

3Hx*

3G*

S5Hx*

1D*

(o]

~N oo w

228.
1663.
3100.

1279.
2208.
3976.

1388.
4199

2369.
2437 .
4746 .
5802.

2378

941

.367

068
629
627
108

.827

[

R, OO

| Leading
| Percentages

54
80
78

66
48

66
38
67
62

54

24

27

20
12
13

11
34

16
25
24
38

23

3H*

1Dx*
4f (2F*)
4f (2F*)

1G*
4f (2F*)
4f (2F*)

4f (2F*)
4f (2F*)

.5d2(1D) .6s(2D)
.5d2(3F) .6s(4F)

.5d2(1D) .6s(2D)
.5d2(1D) .6s(2D)

.5d2(1D) .6s(2D)
.5d2(3F) .6s(4F)

4f .5d.6s2 3G*

(2F*) (3F) (4F) 3G*
(2F*) (3F) (4F) 5Ix*
(2F*) (3F) (4F) 5Ix*

3Fx*

¥ Source: Atomic Spectra Database, http://physics.nist.gov/PhysRefData/contents.html
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Energy levels of Ce I (contd.)

4f (2F*) 5d2(3F)6s

4f (2F*) 5d2(3F)6s
4f .5d 6s2

4f.5d 6s2

4f (2F*) 5d2(3F)6s
4f (2F*) 5d2(3F)6s
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.02948
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5D*

3S*

3G*

3G*
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4f .5d.6s2 3F*
4f .5d.6s2 3H*
(2F*) (3F) (4F) 5Hx*
(2F*) (3F) (4F) 5Hx*

(2F*) (3F) (4F) 5H*

3G*

3Fx*
5Ix*

3Hx*

3Hx*

3G*
S5Hx*

4f (2F*) .5d2(1D) .6s(2D) 3D*
4f (2F*) .5d2(1D) .6s(2D) 3D*

1F*

(2F*) (1D) (2D) 3Px*

(2F*) (1D) (2D) 3Px*

(2F*) (3F) (4F) 5Hx*

(2F*) (3F) (4F) 5Hx*

4f .5d.6s2 3G*
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Energy levels of Ce I (contd.)

[ | | | |
4f2.6s2 | 3H | 4 | 4762.718 | 0.80508 | 89 4 4f.5d(3G*).6s.6p(1P*) 3H
[ | 5 | 6238.93¢ | 1.035 | 92 4 4f.5d(3G*).6s.6p(1P*) 3H
[ | 6 | 7780.202 | 1.169 | 92 4 4f.5d(3G*).6s.6p(1P*) 3H
I | I | |
4f (2F*) 5d2(3F)6s (4F) | 3s% |1 | 5097.777 | 1.88257 | 49 25 (2F*) (3F) (4F) 5D*
[ I I I I
4f (2F*) 5d2(3F)6s (4F) | = I 2 | 5210.906 | 1.22694 | 28 5D 27 (2F*) (3F) (4F) 5G*
I I I I I
4f (2F*) 5d2(3F)6s (4F) | 5Gx | 2 | 5409.236 | 0.773 | 35 24 (2F*) (3F)(4F) 5D*
I |3 | 6234.792 | 1.04965 | 69 13 (2F*) (3F) (4F) 5D«
I | 4 | 6856.559 | 1.150 | 72 6 (2F*) (3F)(2F) 1G*
[ | 5 | 7467.160 | 1.179 | 69 7 (2F*) (3F) (4F) 3Hx
[ | 6 | 8055.526 | 1.207 | 50 18 (2F*) (3F) (4F) 3Hx
[ I I I |
4f (2F*) 5d2(3F)6s (4F) | * I3 | 5519.751 | 1.24530 | 32 5Dx 21 (2F*) (3F) (4F) 3F*
[ I I I |
4f (2F*) 5d2(3F)6s (4F) | * | 0 | 5571.156 | | 44 5D* 35 4f.5d.6s2 3P
I I I I |
4f (2F*) 5d2(3F)6s (4F) | * | 4 | 5572.074 | 1.31658 | 29 5D* 27 (2F*) (3F) (4F) 3F*
[ I I I |
4f .5d 6s2 | * | 1 | 5637.233 | 1.389 | 30 3P« 26 4f (2F*) .5d2(3F) .6s(4F) 5D*
[ I I I I
4f (2F*) 5d2(3F)6s (4F) | 5Fx | 1 | 5674.829 | 0.140 | 73 6 (2F*) (3F) (4F) 5D*
[ | 2 | 5904.006 | 0.905 | 66 13 (2F%) (3F) (4F) 5G*
I | 3 | 6337.061 | 1.232 | 42 16 (2F*) (3F) (4F) 5Dx
I | 4 | 7174.156 | 1.373 | 67 19 (2F*) (3F) (4F) 5Dx
I | 5 | 7933.558 | 1.345 | 81 5 (2F*) (3P)(4P) 5Fx
[ I I I I
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Energy levels of Ce I (contd.)

4f .5d 6s2 : * : 2 : 6303.984 : 1.419 : 36 3Px* 16 4f (2F+*).5d2(1D) .6s(2D) 3P*
4f (2F*) 5d2(3F)6s (2F) : * : 4 : 6475.540 : 0.897 : 43 3H* 17 (2F*) (3F) (2F) 1G*
4f.5d 6s2 : * : 3 : 6621.892 : 1.147 : 35 1Fx* 17 3D*

4f (2F*) 5d2(3F)6s (4F) : * : 5 : 6663.226 : 0.953 : 19 3I=x 18 (2Fx*) (3F) (2F) 3I*
4f (2F*) 5d2(3F)6s (4F) : * : 2 : 6836.628 : 0.68078 : 33 3Fx* 18 (2Fx*) (3F) (4F) 5G*
4f (2F*) 5d2(3F)6s (4F) : * : 3 : 7169.751 : 1.13 : 28 3Fx* 26 (2Fx) (3F) (4F) 5F*
4f (2F*) 5d2(3F)6s (2F) : * : 4 : 7348.299 : 0.964 : 22 1Gx* 21 (2F%) (3F) (4F) 3Hx
4f (2F*) 5d2(3F)6s (4F) : * : 6 : 7696.210 : 1.076 : 39 3Ix* 19 (2F%) (1G) (2G) 3I*
4f (2F*) 5d2(3F)6s (4F)7 : * : 5 : 7715.236 : 0.934 : 22 3Ix* 14 (2F*) (3F) (4F) 5G*
4f (2F*) 5d2(3F)6s (2F)7 : * : 5 : 7841.955 : 1.063 : 24 3Hx* 21 (2Fx) (3F) (2F) 3Ix
4f (2F*) 5d2(1D)6s (2D) : * : 1 : 7853.119 : 0.983 : 27 1Px* 16 (2Fx*) (3F) (2F) 3D*
4f (2F*) 5d2(3F)6s (4F) : * : 4 : 7890.429 : 1.242 : 25 3Fx* 18 (2Fx*) (3F) (4F) 5D*

| I I I I
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Energy levels of Ce I (contd.)

| | | | |

4f (2F*) 5d2(3P)6s (4P) | 5G* | 2 | 8088.912 | 0.403 | 95 3 (2Fx*) (3F) (4F) 5Gx*
| | 3 | 8307.309 | 0.957 | 81 6 (2F%) (3P) (4P) 3G*
| | 4 | 8762.126 | 1.054 | 50 9 (2F%) (3F) (2F) 3H*
| | 5 | 9462.705 | 1.19 | 46 12 (2Fx*) (3P) (4P) 3G*
| | 6 | 11030.470 | 1.193 | 51 21 (2F%) (3F) (2F) 3H*
| I | | |

4f (2F*) 5d2(3F)6s (4F) | 5P* | 2 | 8101.187 | 1.735 | 85 5 (2F*) (3F) (4F) 5S8*
| | 3 | 8270.249 | 1.504 | 74 11 (2Fx*) (3F) (4F) 3D*
| | 1 | 8430.846 | 2.04 | 62 10 (2Fx*) (3F) (4F) 3P*
| I I | |

4£2.6s2 | 3F | 2 | 8235.605 | 0.680 | 88 4 4f .5d(3F*).6s.6p(1P*) 3F
| | 3 | 9206.305 | 1.083 | 90 4 4f .5d(3Fx) .6s.6p(1P*) 3F
| | 4 | 9379.148 | 1.139 | 55 32 1G
| I I I I

4f (2F*) 5d2(3F)6s (2F) | 1S* | 0 | 8351.167 | | 44 17 4f.5d.6s2 3P*
| I I I I

4f (2F*) 5d2(3F)6s (4F) | * | 2 | 8366.098 | 1.525 | 33 3P* 16 (2Fx) (3F) (4F) 58*
| I | | |

4f (2F*) 5d2(3F)6s (2F) | * | 5 | 8400.730 | 0.917 | 30 3Ix 19 4f.5d.6s2 1H*
| I | | |

4f (2F*) 5d2(3F)6s (2F) | * | 4 | 8509.209 | 0.954 | 20 3H* 19 (2Fx*) (3P) (4P) 5G*
| I | | |

4f (2F*) 5d2(3F)6s (4F) | 3I* | 7 | 8587.973 | 1.155 | 59 24 (2F%*) (1G) (2G) 3I*
| I I | |

4f (2F*) 5d2(3F)6s (4F) | * | 6 | 8603.531 | 1.225 | 36 5G* 25 (2Fx*) (3F) (4F) 3Hx*
| I I | |
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Energy levels of Ce I (contd.)

| | I | |

4f (2F*) 5d2(3F)6s (4F) | * | 1 | 8695.201 | 1.285 | 22 3P* 12 (2Fx) (3F) (4F) 5P*
| I I | |

4f (2F*) 5d2(3F)6s (2F) | * | 3 | 8902.306 | 1.128 | 20 1F* 14 4f.5d.6s2 1Fx*
| I I | |

4f (2F*) 5d2(3F)6s (2F) | * | 5 | 8991.451 | 1.067 | 31 3H* 17 (2Fx) (3P) (4P) 5G*
| | | | |

4f (2F*) 5d2(3F)6s (4F) | * | 0 | 9119.094 | | 40 3Px* 32 (2F%*) (3F) (2F) 1S*
| | | | |

4f (2F*) 5d2(3P)6s (4P) | 3Dx* | 3 | 9135.099 | 1.274 | 50 12 (2Fx*) (3F) (4F) 5P«
| | | | |

4f (2F*) 5d2(3F)6s (2F) | * | 2 | 9200.707 | 1.376 | 24 3Dx* 21 (2F%) (3P) (2P) 3D*
| I | | |

4f (2F*) 5d2(3F)6s (2F) | 3I* | 6 | 9333.222 | 1.047 | 61 20 (2F%*) (1G) (2G) 3I*
| | 7 | 11061.551 | 1.141 | 79 16 (2F*) (1G) (2G) 3Ix*
| | | | |

4f (2F*) 5d2(3F)6s (4F) | * | 1 | 9369.628 | 1.065 | 21 3P* 17 (2Fx*) (3F) (2F) 3D«
| | | | |

4f (2F*) 5d2(3P)6s (4P) | 3Dx* | 2 | 9425.529 | 1.207 | 46 8 (2Fx) (3F) (4F) 5S*
| I I I I

4f (2F*) 5d2(3F)6s (2F) | 3Fx* | 2 | 9709.012 | 0.799 | 51 13 (2Fx) (3P) (2P) 3Fx*
| I I I I

4f (2F*) 5d2(3F)6s (2F)?7 | 3Gx* | 3 | 9787.220 | 0.868 | 42 26 (2Fx) (3P) (2P) 3G*
| I I I I
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Energy levels of Ce I (contd.)

| I I
| * | 6 | 30603.
| I I
| * | 4,3 | 30624.
| I I
| * | 2 | 30706.
| I I
| * | 4 | 30739.
| I I
| * | 3 | 30740.
| I I
| * | 5 | 30767.
| I I
| * | 4 | 30787.
| I I
| * | 3 | 30854.
| I I
| * | 7 | 30876.
| I I
| * | 2 | 30991
| I I
————————————————————————— [ aad EEC L e et |
| I I
Ce II (4H*<7/2>) | Limit | | 44672

359

042

313

270

884

047

639

052

234

.841

0.6957

0.737
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H atom in a weak homogeneous electric field (Stark effect) — per-

turbation theory
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