Phase diagram of isospin-asymmetric QCD:
direct results vs Taylor expansion

Gergely Endrodi

Goethe University of Frankfurt

in collaboration with
Bastian Brandt, Sebastian Schmalzbauer

v@f‘h Emmy
} Noether-
GOETHE N7/ Programm

UNIVERSITAT DFG i

FRANKFURT AM MAIN

Lattice seminar @ HUB, 26. November 2018



Outline

introduction: QCD with isospin

> pion condensation
> spontaneous vs explicit symmetry breaking

extrapolations in the explicit breaking parameter
» singular value representation
> leading-order reweighting
» Banks-Casher-type improvements

results

» phase diagram
» comparison to Taylor expansion

e summary

1/32



Main result: phase diagram

[Brandt, Endrédi, Schmalzbauer 1712.08190]
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Introduction



Introduction

> isospin density nj = n, — ng

» n; < 0 — excess of neutrons over protons
— excess of 7~ over mT

» why relevant?

— heavy-ion collisions, in particular for isobar runs

96 96 96 96
wlr+ wZr vs. g Ru+ JRu

[RHIC isobar program, B. Miiller]
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Introduction

> isospin density nj = n, — ng

» n; < 0 — excess of neutrons over protons
— excess of 7~ over mT

» why relevant?
— heavy-ion collisions, in particular for isobar runs

— neutron star interiors and composition

Nucleons Srange Quark Matter

7 B 9 12 13 14 15

10 11
Radius (km)

[Georgia Tech (Caltech Media Assets)] [Demorest et al '10] 3/32



Isospin chemical potential

> in the grand canonical ensemble

» quark chemical potentials (3-flavor)

UB KB KB
fu = + fd = 3=~ H Hs =3~ Hs

» zero baryon number, zero strangeness, but nonzero isospin
Hu = fh Hd = —Hi ps =0

» pion chemical potential p; = py — g = 24 @ 0

> isospin density nj = n, — ng
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Pion condensation

» QCD at low energies ~ pions -
chiral perturbation theory @ Ll

» chemical potential for charged pions: pi,

at zero temperature pur < my vacuum state

iz > m; Bose-Einstein condensation
[Son, Stephanov '00]

< >#0 <uYsd>#0

my Ikl
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Bose-Einstein condensate

» accumulation of bosonic particles in lowest energy state

[Anderson et al '95 JILA-NIST /University of Colorado]

» velocity distribution of Ru atoms at low temperature
— peak at zero velocity (zero energy)
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BEC in lattice QCD



Symmetry breaking

» QCD with light quark matrix

M = E) + myql
» chiral symmetry (flavor-nontrivial)
SUQ2)v
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Symmetry breaking

» QCD with light quark matrix
M = D+ mygl + 073
» chiral symmetry (flavor-nontrivial)

SU(Q) v — U(l)T3
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Symmetry breaking

» QCD with light quark matrix

M =D+ mugl + o3

» chiral symmetry (flavor-nontrivial)

SU(Q) v — U(l)T3

@h‘f# 4

YYsT ¥

» spontaneously broken by a pion

condensate

<1/_1’Y57'1,2”¢>
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Symmetry breaking

» QCD with light quark matrix

M =D+ mugl + o3

» chiral symmetry (flavor-nontrivial)

SU(Q) v — U(l)T3

@h‘f# 4

YYsT ¥

» spontaneously broken by a pion
condensate

<1/_1’Y57'1,2”¢>

» a Goldstone mode appears
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Symmetry breaking

» QCD with light quark matrix
M = D+ mugl + puy073 + iAys7
» chiral symmetry (flavor-nontrivial)
SUQ2Q)y - U(1),, = @
Vst vt

» spontaneously broken by a pion
condensate

rer <1/_J’Y571,2”¢>

» a Goldstone mode appears

» add small explicit breaking
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Symmetry breaking

» QCD with light quark matrix
M = D+ mugl + puy073 + iAys7
» chiral symmetry (flavor-nontrivial)
SUQ2Q)y - U(1),, = @
Vst vt

» spontaneously broken by a pion
condensate

rer <1/_J’Y5T172”¢ >

» a Goldstone mode appears

» add small explicit breaking

> extrapolate results A — 0
7/32



Dictionary

pion condensation

pattern
coset
Goldstones
spontaneous

explicit

U(1),;, » @
U(1)
1
<1575T21/)>
A—=0
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pion condensation
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pattern
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explicit

U(1),;, » @
U(1)
1
<1575T21/)>
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Dictionary

pion condensation

vacuum chiral symmetry breaking

pattern
coset
Goldstones
spontaneous

explicit

U(1),;, » @
U(1)
1
<1575T21/)>
A—=0

SU(2)1 ® SU(2)r — SU(2)y
SU(2)a
3
(v)

m—20

» long story short: pion condensation 1/3 as challenging as the
chiral limit of the QCD vacuum
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Simulation with A > 0

v

staggered light quark matrix with 7 = (—1)™TnyFnz+ne

M = m# +m /\775
_)\?75 m—u + m

> we have y571-hermiticity
nsTLMTins = MT
» determinant is real and positive
det M = det(|D,, + m|* + X\?)

> ear|y studies [Kogut, Sinclair '02] [de Forcrand, Stephanov, Wenger '07]
[Endrédi '14] with unimproved action

> here: Nf =2+ 1 rooted stout-smeared staggered quarks +
tree-level Symanzik improved gluons
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Pion condensate on the lattice

» traditional method [Kogut, Sinclair '02]
measure full operator at nonzero \ (via noisy estimators)

pINC'S <TrM*17757'2>

|||||||||||||||
[ T=113 MeV | ]
[ | . 8 B
L 1 .: é 4
1 ,1».35 ]
"'-;f A/m,=1.31 8 ]
o ..'e.*,;;'i “o87F
B 0.44 & 7
05 4 @ f: 017 & 7]
L EB: 010 & A
f 82t ]
O IIIIIIIIIIIIIIII
0.5 1 1.5

u/ m,

> extrapolation A — 0 very steep
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Pion condensate on the lattice

» traditional method [Kogut, Sinclair '02]
measure full operator at nonzero \ (via noisy estimators)

pINC'S <TrM*17757'2>

T T T T I T T T T I T T T T I
[ T=113 Mev 1 ]
- A
L [ : § 4
1+ o ¢t = g § —
- o @ * 4
L - -f A/m=1313 ]
S :; 087 & -
r 044 & 1
05, @ f: 017 & ]
- 8 | 0.10 & A
L g B8 & i
Il & & § A-=0 improvement 4

O .- ),
1 1 1 1 I 1 1 1 1 I 1 1 1 1 I
0.5 1 1.5

w/ m,
> extrapolation A — 0 very steep

» new method to etract A = 0 limit
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Computational cost

» computational cost for inverting M grows as A\ — 0

[y _qzq o e By &
L A/m,=1.31 ) - ]
- 087 % & ]
5 4 O.44§ h
- 0.17 ]
< Y — RPN — SUPPRPES — UL E
~ 3 0.10 & & ]
= : ]

02 04 06 08 1
u / m,

> iteration count diverges if a massless mode is present
~> alternative definition of pion condensation

» additionally, reduced step-size necessary due to enhanced

fluctuations in fermionic force
11/ 32



Improved A-extrapolation



Singular value representation

» singular values
D, + m|> ¢ = &
independent of Dirac eigenvalues due to [D,,, IDL] #0

> pion condensate

2
9 logdet(|D, + m[> + N2) = A

1p=
oA

> spectral representation

A—0

71' VZ€2—|—)\2 /f £2+)\2*°—>7Tp(0)

first derived in [Kanazawa, Wettig, Yamamoto '11]

Iw,t+m\2+A2
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Singular value representation

» singular values
D, + m|> ¢ = &
independent of Dirac eigenvalues due to [D,,, IDL] #0

> pion condensate

2\

0
log det(| D, + m|> + \? —
gdet(| | )= ILZ),L+m\2+/\2

1p=
oA

> spectral representation

A—0

71' VZ£2—|—)\2 /f £2+)\2*°—>7Tp(0)

first derived in [Kanazawa, Wettig, Yamamoto '11]

» compare to Banks-Casher-relation at y; =0
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Dictionary

pion condensation

vacuum chiral symmetry breaking

pattern
coset
Goldstones
spontaneous
explicit

Banks-Casher

U(1),, » @
U(1)

1
<15757'2¢>
A—0
plPutm (0)

SU(2), ® SU(2)gr — SU(2)v
SU(2)a
3
(9v)
m—0

p?(0)
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Singular value density

> integrated spectral density

3
=/ d¢'p(¢),
0
T T T I T T T T
0.03 L u/m 055 T=113 Mev ]
0.48 -
0.38

0.02 |

ad (N(¢)) / ¢

o
o

u

= lim N(£)/¢

14 / 32



Singular value density

> integrated spectral density

0'03-_'"'/'"’";(;.5; ———T T
i 0.48
w X 0.38
= e
M
||I I
S 0.01 HII"I "

0.5 1
S / mud

» compare p(0) to velocity distribution around zero
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Singular value density

> integrated spectral density

T T T T I T T T T I T T T T
0.03 & w/m,=0.55 T=113 MeV
L 0.48 1
o i 0.38 I“““ll
. I
o002 [ i "I
! ||||||||
z
> 0.01

S/mud

» compare p(0) to velocity distribution around zero

» Bose-Einstein condensation!
14 /32



Reweighting

> reweighting factor
_ det(|P, + m?)
det(|D,, + m|?> + A?)
» but A is small, so expand in it:

Wio = exp[-AVy - 2]

(OWr0) ) .
O = ———"2 + higher orders in A

A B S S Y B S B
1.4 = p/m =0.45 S o o ]

3
A
, Scatter plot: Wiovs. W ~ L
s '

on small lattices E

W/ (W) 15 / 32



Comparison between old and new methods

» improvement is crucial for reliable A — 0 extrapolation

L L s B I

E ! p/m,=063 ©
— ! —
! E 1 T=113 Mev © ]
- 1 -
09 F ! I =
o L ® without improvement J
Co ]

Eo & with improvement
0.8 - ! e@ ]
o i: E o i ]
0.7 | —
Co ﬁ 1
T T R R
0 0.5 1

A/ my
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New method for other observables

0.8

0.6

0.4

» spectral representation for quark condensate

ZR Wil (B, + m)T|y;) ZR Wil(B,, + m) D)

&+ N &+
I T I T T T T I T T T T / T
' ] pr/my = 0.5
jes——= = s ] L2H p =124 Mev
= " § with improvement
i ® $ without improvement i E 0.9}
i e /:: Owith improvement
Co e ] ~ o6t Owithout improvement
! /m,=05 o . s = N
[ 1 T=113 Mev o - 0.3,/
(I) . o|5 L : M 0 05 1 5
. A/ Mya
A/ my

improvement crucial for reliable A\ — 0 extrapolation 173



Results: phase diagram [1712.08190]



Condensates

» pion and chiral condensate after A — 0 extrapolation

0.8

» read off chiral crossover T,(1) and pion condensation
boundary i (T)
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Order of the transition

0.6

T=113 MeV
A-0 improvement

3 163x6
B 243x6
b 323x6

> volume scaling of order parameter

T T Ty

A/m,=0.17 &
0.10 2

-2 0 2
t / hi/es

shows typical sharpening

» collapse according to O(2) critical exponents [Eiiri et al '09]
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Order of the transition

LA L e e - |
e O F -
06 1 T 166 % ] - T=113 MeV
[ & 24%x6 s ] i i
0.4 % 32%x6 =4 2 - _
. T 1 5 e -
L 1 = ! i
3 L | i
o2 T=113Mev ] W[ ! ]
r A-Q improvement A L A/m,=0.17 & ! |
ok 05k 0.10% E _
[ I ] i I | y

0.55 -2 0 2

N t / hi/es

> volume scaling of order parameter shows typical sharpening
» collapse according to O(2) critical exponents [Eiiri et al '09]

» indications for a second order phase transition at u; ~ m;,/2,
in the O(2) universality class
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Transition temperatures

Toe (MeV)

160

140

130

» Tp,c: inflection point of chiral condensate

> fu1c: boundary of ¥, > 0 region

» continuum limit based on N; = 6,8,10, 12

%TI R0

ot

cont. limit

¢ Ref. [6]

0.6

0.8

H’I.o / mn

0.4

L B
B N=8
¢ N=10

® N=12 {
k ?}%

cont. limit

L
L

L L
&
5
&
Lo

145 150 155 160 165
T (MeV)
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Phase diagram

» meeting point of chiral crossover and pion condensation

boundary: pseudo-triple point

at Tpe = 151(7) MeV, py pr = 70(5) MeV

L chirql Crossover

160
s
2 140 —
- C pion
r condensation /
120 —

0.2 0.4

IJ'l/mn
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Phase diagram

T (MeV)

160

140

120

» meeting point of chiral crossover and pion condensation

boundary: pseudo-triple point

at Tpe = 151(7) MeV, py pr = 70(5) MeV

chiral Crossover i

pion
condensation

L

0.2 0.4
w/ m,

0.6 0.8

0.4
r/l]:

0.2

S~ inflection pion
N point condensation
N boundary

\
_g--— %
s--F 2 ~N

w/m, = 0.76 N

\ .
P PR BT\ R |

120 140 160 180
T (MeV)

> the two transitions coincide beyond the pseudo-triple point
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Phase diagram

» Polyakov loop as measure for deconfinement

T (MeV)

160

140

120

P, =1.00.8 0.6 0.2 N=6
t

pion condensot:on \

u./m,,

> no significant response in P on pion condensation

» deconfinement crossover persists in pion condensed phase
~ BCS superconductivity [Son, Stephanov '01]
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Phase diagram

» favored phase diagram schematically:
hadronic, quark-gluon plasma, BEC, BCS phases
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Taylor expansion method



Taylor expansion method

> overcome sign problem at pug >0

> reconstruct observable O(ug) via

O(ng) =Y g
i=0

» routinely used for phase diagram and for EoS

T i Wuppertal-Budapest " STAR Prehmnaryda(
T5(w) N oac V. <03
16 3
3 150 160 + =
© T () F’Eez;‘n. g SL50MeV
ER[ ot 2 oS ¢
° 2 |@Becattiniet al " 7160 MeV
2 @ RHIC, V/Syy~130 GeV s
€ = SPS, Vsu~17 Gev 140]
§ sop ireverls s> =
. S5 CeV 135 im
ACS, "‘“ | crossover lines — s (MeV]
. . .
% T T 300
200 200 0 50 100 150 200 250 300 350 400 450 e
Baryonic chemical potential (MeV)

[Endrddi et al '11] [HotQCD '17] [BMWc '18]
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Radius of convergence

> reconstruction via Taylor expansion only works for analytic
functions

» radius of convergence marks nearest singularity

» used to investigate the QCD critical endpoint

6 Fodor, Katz, 2004 @
Dattaetal., 2016 ©
25 5 D'Elia et al., 2016, rf
g = | this work:lower bound for ;. I
S 5o estimator &
S 2|N,=8 l 24 £
S
o I f I L S B
g S ARG
8§15 23 "
: N4 E 4
R %,
3 ¢ TpHRG —e—
& e | e ——
0.5 . N
disfavored region for the
ocation of  critical point
0 0
a2 I I 135 140 145 150 155
methods Tt
. ) )
[Datta, Gavai, Gupta '17] [HotQCD '17]
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Taylor expansion for nonzero isospin

» comparison between full results and expansion is possible
> our choice for the observable:

T dlog Z
V. O

(n) =

» compared to Taylor-expansion

n 3
9 (e () o)

with <C2’4> available in [Borsanyi et al '12]

26 / 32



Results: comparison to Taylor series [1810.11045]



Breakdown at pion condensation onset

L B e e e S LA e
chirg| Crossover

» second-order phase
transition along
condensation onset 120

pion
condensation

0.2 0.4 0.6 0.8
w /[ m,

» Taylor expansion breaks down at the phase transition

visualized for the 243 x 6 ensemble
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Breakdown at pion condensation onset

T T T T T T T T T T T T

chirg| Crossover
160

» second-order phase

T (MeV)
N

s 140 —
transition along . s
condensation onset o
0.2 0.4 0.6 0.8
w/m,

» Taylor expansion breaks down at the phase transition

visualized for the 243 x 6 ensemble

35 1 Taylor exp. Ol1uy) ]
Ol preliminary 4
3 simulation —e— 1
25 b
6x24° T =124 MeV .
o L B
15 me/2 ° A
1
05 -
0

0 20 40 60 80 100 120 140
i [MeV]
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Breakdown at pion condensation onset

.
160 [
> second-order phase s I -
transition along smer 7 ///
condensation onset 20 F deasoi
- 0.2 0.4 0.6 0.8

w /[ m,

» Taylor expansion breaks down at the phase transition

visualized for the 243 x 6 ensemble

3.5 | Taylor exp. O(uy) R 7 F Taylor exp. O(yy)
o preliminary 4 O}y ——
3 simulation —e— q 6 simulation —e— .
25 Sr
943 — 19 7 .
o | Gx2# TNy e & 4| preliminary o
15 e . Sal ox2s {
1 2r e
05 1k T = 155 MeV
0 i 0 . ; . . . .
0 20 40 60 80 100 120 140 0 50 100 150 200 250 300 330
1 [Mev] ur [MeV]
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Breakdown at pion condensation onset

(nr) /T*

>

second-order phase
transition along
condensation onset

. e s —————— -

chiral crossover

160
= [
2 140[ 7
- [ pion ;
120 —
0.2 0.4 0.6 0.8
w/ m,

» Taylor expansion breaks down at the phase transition

visualized for the 243 x 6 ensemble

[ Tavlor exp. 0
ol

6% 24%

simulation —e—

preliminary 4

T =124 MeV .
.

me/2 .

80 100 120 140

60
i [MeV]

) /18

(nr

7 | Taylor exp. O(u n 7 FTaylor exp. Ofug)
) —— ) ——
simulation —e— . 6 simulation —e—
- 5
L preliminary . & 4L preliminary
6x 247 $ T 6 24
e - 2 =
T = 155 MeV 1f T = 176 MeV
. ; . . . . 0 . . . . . .
0 50 100 150 200 250 300 330 0 50 100 150 200 250 300 350

it [MeV]

s [MeV]
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Reliability range

» quantify deviation between expanded and true values

ALO —

(c2) - £

ANLO _

(ny)

T3

(c2)

i

T

(ca)
6

g

» different behavior inside and outside pion condensed phase

leading order

170 ¢

160 -

T [MeV]

130 r

140 ¢

120

preliminary

pion condensed

f ¥ 4 phase
oy
o
11 A/m3 =0.12
1
N, =8 [l --- A/m3 =0.20
1l --- A/md =0.41
i . ---A/.m;q;:O..Gl
0.5 1 1.5 2

II‘I/mﬂ'

2.5

ol
T

;
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Reliability range

ALO —

T [MeV]

» quantify deviation between expanded and true values

(ny)

(c2) - £

ANLO _

T3

)

» different behavior inside and outside pion condensed phase

leading order

170 ¢ ! imi
[ preliminary
1] Ij/ .'
160 - ]
) I / pion condensed
50k { phase
[ ]
e
ol i AJmd = 0.12
1
No=siif T A/me =020
130 F " --- A/md =041
1 Tr
i --- A/m3 =0.61
120 : . : )
0 0.5 1 L5 2

II’I/mﬂ'

2.5

T [MeV]

next-to-leading order

170 +
preliminary
160 pion condensed
150 - phase
140 F A/m3 =0.12
N =8 —A/m3 =0.20
130+ — A/m3 = 0.41
—A/m3 =0.61
120 . . . .
0 0.5 1 1.5 2 2.5
.U'I/mw
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Contour lines in the continuum

» continuum extrapolation performed using N; = 6, 8,10, 12

» plot contours against p;/ T

175 F 7
170 +

165

T [MeV)

160

155

150

04 06 08 1 12 14 16
ur/T

» large deviations from naively expected 1/ T = const lines
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Radius of convergence

» at low T, nearest singularity is at pion condensation onset

» radius of convergence for x; = 9n;/0u;:

L im —<C"> -(n—1)n~ @
?_n|—>oo\/<cn+2> ( 1) \/<C4> 2

using <C2’4> from [Borsanyi et al '12]

170
160
150
140 |
1301
120 |
110t
100

T [MeV]

pr/ma
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Radius of convergence

» at low T, nearest singularity is at pion condensation onset

» radius of convergence for x; = 9n;/0u;:

L im —<C"> -(n—1)n~ @
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Estimator from which series?

T [MeV]

170 ¢
160
150
140 ¢
130
120 ¢
110+

100

o1 /M
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Estimator from which series?

170 ¢
160
150
140 ¢
130
120 ¢
110+
100

T [MeV]

0 05 1 15 2 2.5
wr/ms

» r{n} = r{n/} = r{log Z}, but leading estimators differ as

1 : V3 : V6
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Estimator from which series?

170 ¢
160
150
140 ¢
130
120 ¢
110 ¢
100

T [MeV]

0 05 1 15 2 2.5
o1 /M

» r{n} = r{n/} = r{log Z}, but leading estimators differ as
1 V3 : V6

susceptibility-series seems to converge faster
(see also [Karsch, Schaefer, Wagner, Wambach '11])
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Estimator from which series?
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» r{n} = r{n/} = r{log Z}, but leading estimators differ as
1 V3 : V6

susceptibility-series seems to converge faster
(see also [Karsch, Schaefer, Wagner, Wambach '11])

> need higher-order estimates

31/ 32



Estimator from which series?

170 ¢
160
150
140 ¢
130
120 ¢
110 ¢
100

T [MeV]

0 0.5 1 15 2 2.5
o1 /M

» r{n} = r{n/} = r{log Z}, but leading estimators differ as
1 V3 : V6

susceptibility-series seems to converge faster
(see also [Karsch, Schaefer, Wagner, Wambach '11])

> need higher-order estimates

> results may give insight to convergence properties at ug > 0
31/32



Summary

)
T=113 Mev ]

» Bose-Einstein condensation via «
singular value density gm |||||||||||||||||| ||||| E
flat extrapolation in A o oo ||| |||||| ||| |||
7 et exdraporation I Ll

il
.5

» map QCD phase diagram for
nonzero isospin-asymmetry
~ detected a 2" order phase
transition in full QCD (for the

first time)
. . 170 oe
» comparison to Taylor expansion 160 mm‘@% o
150 7
arOUnd Hn = O 5 140 ﬁgﬁx ﬁl Hlog 2
=l m ® Ll
- -y . . . 130 = ° N
~ susceptibility series optimal R T
) . m ® ] phase
for convergence radius studies ol SN
0 0.5 1 1

2.5
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