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Introduction



Electric fields

> electromagnetic fields in the early stage of heavy-ion collisions
[Deng et al '12]
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» impact of electric field enhanced for asymmetric systems
(for example Cu+Au at RHIC) [Voronyuk et al '14]
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Magnetic/electric fields

> effect of magnetic fields on QCD thermodynamics well
understood [Bali et al '11, '12] [D’Elia et al '11] [Endrédi '15]
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Magnetic/electric fields

> effect of magnetic fields on QCD thermodynamics well
understood [Bali et al '11, '12] [D’Elia et al '11] [Endrédi '15]
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> effect of electric fields:
NJL model calculations [Suganuma et al '91, Babansky et al '98]
lattice QCD with opposite charges [Yamamoto '13]
electric polarizability of hadrons [Engelhardt et al '07]
[Alexandru et al '14]
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Setup



Euclidean electric fields

» covariant derivative (electric charge q)
Dy = 9y + iqA, + iABM"
» Minkowskian electric field
Ei = Fio = 0iAg — oAi
» Wick rotation
Og — 10, Ag — iAg
» Euclidean electric field

E,-EUCl = 8,-A4 - 84/4,‘ = —iE,'
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Sign problem

» consider constant E = E e; in a static gauge
A4 = —iE X1

> U(1) links
us = exp [iaqAs] = exp [agExq]

P hermiticity relation
B'(E) = —B(—E")
» determinant

det P(E) € C,  det P(EF** e R
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Sign problem

> electric fields cause a sign problem
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Sign problem

> electric fields cause a sign problem

» magnetic fields cause no sign problem
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Avoiding the sign problem



Taylor expansion

P circumvent sign problem via Taylor-expansion
f(E) ~ f(0) + O(E®) + O(E*) + ...

odd powers vanish due to rotational symmetry

» cannot account for non-perturbative phenomena like
Schwinger pair production

Im f(E) x exp(—1/E)

» can give access to the change in the permittivity of QCD
matter
~> linear response
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Linear response

> free energy density f in small background fields
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Linear response
> free energy density f in small background fields
ftot = e—

» medium-dependent part

1 B? E?
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Linear response

> free energy density f in small background fields

P> constitutive relations

B =puH B=H+M M= xB
D= eE D=E+P P=¢E

> free energy via susceptibilities

B2 E2 B2 EEucl2
Fexy ey =y )
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Constant fields on the lattice

» constant Euclidean electric field

Av=EP w—eplipm],  n=a2qEP™
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Constant fields on the lattice

» constant Euclidean electric field

A4 — EEucl X1,

eind et ein2
Ny
eind et ein2
aind et ain2

ug = explinm]

n= a2 qEEucl

ent-1iemN B violates b.c. in xj-direction
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Constant fields on the lattice

» constant Euclidean electric field

Av=EP w—eplipm],  n=a2qEP™

gm0 |elt g2 emtv-NiemN, B violates b.c. in xj-direction

vt > Jocal U(1) gauge trafo
V' = exp(inhh)
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Constant fields on the lattice

» constant Euclidean electric field

Av=EP w—eplipm],  n=a2qEP™

emd et [gin2 entN=1 e B violates b.c. in xj-direction
eTmNN"1) » local U(1) gauge trafo
: V = exp(inNi)
n, Ce W 1/1(/\/17 n4) — w(Nla n4) v
e et |gin2 emv-1) 1m0 B restores periodicity
I » periodic in x4-direction if

eind et ein2 em(N,~1) ie"‘n )
w exp(—inNiNs) =1

——0
e~imN,0
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Flux quantization

» constant electric fields represented by periodic u,, if
exp (—ia2qEE“°1N1 N4) =1
therefore

qEF . 11,4 = 27 NE, Ng € Z
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Flux quantization

» constant electric fields represented by periodic u,, if
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> on a finite lattice the ‘flux’ of EFUuCl js a discrete variable

(the same is true for B)
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Flux quantization

» constant electric fields represented by periodic u,, if
exp (—ia2qEE“°1N1 N4) =1
therefore
qEF . 11,4 = 27 NE, Ng € Z
> on a finite lattice the ‘flux’ of EFu! is a discrete variable

(the same is true for B)

P Taylor expansion not applicable
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Avoiding the quantized flux-problem



Susceptibility as a limit

» quantization due to p = 0 Fourier transform in finite volume
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P let's work in coordinate space:

> keep general electromagnetic field (finite p)
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» keep general electromagnetic field (finite p)
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Susceptibility as a limit

» quantization due to p = 0 Fourier transform in finite volume
P let's work in coordinate space:

» keep general electromagnetic field (finite p)

» perform p = 0 projection in infinite volume

P spoiler: susceptibility equals vacuum polarization

VW 4,8 "W
P14 P17a
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Susceptibility and vacuum polarization: proof

> vector potential interacts with current

j / A Agja,  u= 3 e
f
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Susceptibility and vacuum polarization: proof

> vector potential interacts with current
. 4 . . n
’/d X Ag ja, Ju = Z arpyup
f
> susceptibility at finite p;

)= sin(p1x1) E

E(Xl) = COS(p1X1) . E7 A4(X1 1

0 f

(p1) — _ 2 °
¢ OE?

E=0 1

_ —% /d“x d*y Sin(plXI,);in(plyl) {Ja(x)ja(¥))
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Susceptibility and vacuum polarization: proof

» oscillatory susceptibility

4 44 sin P1X1)5'”(P1}/1)
/d xdty 2 Ua(x)ja(y))
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Susceptibility and vacuum polarization: proof

> oscillatory susceptibility

4 44 sin P1X1)S'n(P1}/1)
/d d*y 2 Ua(x)ja(y))

> trigonometric identities + translational invariance + trick

g(pl) _ /d4z L‘Z(plzl) (ja(2)ja(0))

b1
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» zero-momentum limit
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Susceptibility and vacuum polarization: proof

> oscillatory susceptibility

4 44 sin P1X1)S'n(P1Y1)
/dd 2 Ua(x)ja(y))

> trigonometric identities + translational invariance + trick
1—cos(piz1) . .
glp) — /d4z p2(P) (ja(2)ja(0))
1

» zero-momentum limit

72
¢= [¢'2 % (u(2)is0)

_ -1 0°Mya(p1)
2 op}

p1=0
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Vacuum polarization at finite temperature

» photon vacuum polarization

Mulp) = [ 42 (j,(2)1.(0))
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Vacuum polarization at finite temperature

» photon vacuum polarization

Mulp) = [ 42 (j,(2)1.(0))
» Lorentz-structure [Kapusta] [Le Bellac] [Gross, Pisarski, Yaffe '81]
Muw(p)=N-P.,+=Z P,
leading order in p;
M2(p1,0,0,0) = —p2NP®) | Myu(py,0,0,0) = —72=0) — p2=0)

e e

X M) f
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Vacuum polarization at finite temperature

» photon vacuum polarization

M, (p) = [ d*z €97 (j,(2)3,(0))
» Lorentz-structure [Kapusta] [Le Bellac] [Gross, Pisarski, Yaffe '81]
Muw(p)=N-P.,+=Z P,
leading order in p;

n22(p17 07 07 0) = _p% I_I(Z)v n44(p1a 05 07 0) = - T2 E(O) - p]2. 5(2)

e

X m3 §

see also [Weldon '82]
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15 / 26



Recap

> electric fields induce sign problem ~~ work with EFucl

P constant fields have quantized flux ~~ need workaround

15 / 26



Recap

> electric fields induce sign problem ~~ work with EFucl
P constant fields have quantized flux ~~ need workaround

» approach constant fields via oscillatory fields in infinite volume

15 / 26



Recap

vV v.v Yy

electric fields induce sign problem ~~ work with EFucl
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Recap

>
>
>

| 2

electric fields induce sign problem ~~ work with EFucl
constant fields have quantized flux ~» need workaround
approach constant fields via oscillatory fields in infinite volume

susceptibility given by vacuum polarization form factor

2
€= /d21 51644(21), Gu(z1) = /d22 dz3 dz4 (ju(2)ju(0))

similarly magnetic susceptibility

7
X = /dzl 5G22(21)
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Results



Correlators
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> on 243 x 6 lattice, at temperature T = 176 MeV

» connected as well as disconnected contributions included

> filled (empty)

points: positive (negative)
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Vacuum polarization
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> p1 > 0: convolute G, (1) with [L — cos(p121)]/p?

> p1 = 0: convolute G, (z1) with z2/2
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Vacuum polarization
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Precision

total conn.

relative error

500 1000 1500

vec

» joj> and jajs correlate

= £ — x can be measured more precisely

18 / 26



Temperature-dependence
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Temperature-dependence
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» but in the vacuume=pu =1

= ¢(T =0) = x(T = 0) = 0 should hold
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Renormalization

> all derivatives so far were taken with respect to eEF"! and eB

20/ 26



Renormalization

> all derivatives so far were taken with respect to eEF"! and eB

> total free energy (set E = 0 for simplicity)
B? (eB)?

2 X T

ftot —

20/ 26



Renormalization

> all derivatives so far were taken with respect to eEF"! and eB

> total free energy (set E = 0 for simplicity)
B? (eB)?

2 X
» wave function renormalization

ftot —

B? = Z.B?, e? =7 1e?, epBy = eB

e

20/ 26



Renormalization

> all derivatives so far were taken with respect to eEF"! and eB

> total free energy (set E = 0 for simplicity)
B? (eB)?

2 X T
» wave function renormalization

ftot —

B? = Z.B?, e? =7 1e?, epBy = eB

e

20/ 26



Renormalization

> all derivatives so far were taken with respect to eEF"! and eB

> total free energy (set E = 0 for simplicity)
B? (eB)?

2 X T
» wave function renormalization

ftot —

B? = Z.B?, e? =7 1e?, epBy = eB

e

» renormalization constant

N,
Zo=1+ ﬁle2 Iog(,ua)z, p1= 762 Z(Qf/e)2
127 r
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Renormalization

> all derivatives so far were taken with respect to eEF"! and eB

> total free energy (set E = 0 for simplicity)
B? (eB)?

2 X T
» wave function renormalization

ftot —

B? = Z.B?, e? =7 1e?, epBy = eB

e

» renormalization constant
N,
Z. =1+ p1e® log(na)’, 1= (ar/e)
127% <
> ft js finite, so a divergence in y must cancel this

Xb = X + B1 log(ua)?
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Divergence in x
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[Bali et al '14] [Bali, Endrédi, Piemonte in prep.]
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Divergence in x

[ T I T T T T I T T T T I 4
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o C perturbative fit ]
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-1 -0.5 Q
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[Bali et al '14] [Bali, Endrédi, Piemonte in prep.]
» renormalization scale fixed by requiring x(T =0) =0

Xb(T = 0) = B1 log(tphysa)?
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Divergence in x

& mo) E

o C perturbative fit 4
° -7r ® integral method .
x [ X finite diff. ]
sk s ]
9 f ¥ ]
S 9L I
Sl 4 ]
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-1 -0.5 Q
log(a/a,)

[Bali et al '14] [Bali, Endrédi, Piemonte in prep.]
» renormalization scale fixed by requiring x(T =0) =0

X6(T = 0) = B log(fiphysa)’
» include QCD corrections in 31 at scale 1/a
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Divergence in x

6 & mno E
o E perturbative fit ]
° -’F ® integral method .
x [ X finite diff. ]
sk s ]
9 ¥ ]
S oL _'
< T i ;
—10 - = -
L 1 I 1 1 1 1 I 1 1 1 1 I ]

-1 -0.5 Q

log(a/ap)

[Bali et al '14] [Bali, Endrédi, Piemonte in prep.]
» renormalization scale fixed by requiring x(T =0) =0
Xb(T = 0) = B1 log(piphysa)?
» include QCD corrections in 31 at scale 1/a

P comparison to other approaches [Bonati et al '13, Bali et al '14]
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Renormalized susceptibilities

» divergences cancel in x = xp(T) — xp(T = 0)
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Renormalized susceptibilities

» divergences cancel in x = xp(T) — xp(T = 0)
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Interpretation
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> \ > 0 at high temperature: paramagnetism of quarks
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Interpretation
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x > 0 at high temperature: paramagnetism of quarks

» x < 0 at low temperature (emerges towards continuum limit
[Bali, Endrédi, Piemonte in prep.]): diamagnetism of pions
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Interpretation
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> \ > 0 at high temperature: paramagnetism of quarks

» x < 0 at low temperature (emerges towards continuum limit

[Bali, Endrédi, Piemonte in prep.]): diamagnetism of pions

» & > 0: permittivity > 1 (holds for all dielectrics [Landau Vol 8])
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Electric mass

» photon mass at finite temperature

mgl = /leG44(21)

> free quark gas

2 e2T2 2
mg = -Ne Y (ar/e)
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Dispersion relation

» photon propagator inverse for transverse/longitudinal
oscillations
2 2
w®— k= N7/ (w, k)

» in perturbation theory [Weldon '82]

w/eT

2/3 1

== t t + x/eT
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Dispersion relation

» photon propagator inverse for transverse/longitudinal
oscillations
2 2
w®— k= N7/ (w, k)

» in perturbation theory [Weldon '82]

w/eT

x/eT

I I
T T t t

2i/3 i’/3 173 2/3 1

[ —

no propagating waves
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Summary



Summary

» electric fields induce sign problem
and quantization problem

= solved via vacuum
polarization approach

» divergence due to charge
renormalization

» para/diamagnetism and

paraelectricity
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Summary

» electric fields induce sign problem
and quantization problem
= solved via vacuum
polarization approach

» divergence due to charge
renormalization

» para/diamagnetism and
paraelectricity

outlook: generalize to
polarizabilities
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Backup



Electric and magnetic fields

» compare E= Ex; and B = Bxs
Ay = —iE xq, A= Bxg
» equivalence at zero temperature
Ly=L,=o00: log Z(E =i -x) =log Z(B = x)
> effect of finite temperatures

Ly < Ly: log Z(E =i -x) # log Z(B = x)
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Trick

» consider cos-type and sin-type fields

Eos(xa) = cos(pra) - B, AP() = S g

b1
. . cos(p1x
Ebln(Xl) = Sin(plxl) . E’ Azm(xl) _ _ﬁ E
P1
» corresponding susceptibilities in infinite volume

2
p1—0 p1—0 m

((:gé) 1—> € §S(1I-7nl) 1 _7261

1
» combine as

(Pl) 5 751
COS Sln
P1

cos[p1(x1—y1)]

= _7/d4 d*y sin P1X1)Sln(P1Y1)+;105(p1X1)COS(p1y1) -1 Ua(ia(y)
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