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Why rotation?

I Λ, Λ̄ Polarization Star ’17 Rotating QGP Ω ∼ 6 MeV
I Hydrodynamics simulations Ω ∼ (20 − 40) MeV Jiang, Lin, Liao ’17
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https://www.nature.com/articles/nature23004
https://arxiv.org/pdf/1602.06580.pdf


Lattice QCD in a nutshell

I Partition function

Z =

∫
DUDψ̄Dψe−SE =

∫
DU detM e−SG

with SE the Wick-rotated, finite temperature QCD action

SE = SG + SF =

∫ 1/T

0
dτ
∫

d3x

TrF2

2g2 +
∑

f
ψ̄f ( /D + mf )︸ ︷︷ ︸

≡M

ψf


I Observables

〈O〉 =
∫

DU detM e−SG O
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I Discretize the action, with lattice spacing a, and use importance
sampling Monte Carlo integration to evaluate the path integral

I Gluons live on the links!

Aµ(x) ∈ su(3) → Uµ(n) ∈ SU(3)
1

2g2

∫
d4x TrFµν(x)Fµν(x) →

2
g2

∑
n

∑
µ<ν

ReTr
[
1 − Uµν(n)

]
with the plaquette

Uµν(n) = Uµ(n)Uν(n + µ̂)Uµ(n + ν̂)†Uν(n)†

I If we have µ,E , θ . . .⇒ detM (or e−S) ∈ C sign problem
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Rotation in the continuum

I Simulate rigidly rotating state:

External field Rotating frame of reference
I In relativistic theories: rotating frame = curved space-time
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I Choose z as rotation axis: θ = −Ωt
I New coordinates:

t = t′

x = x ′ cos
(
Ωt′
)
− y′ sin

(
Ωt′
)

y = x ′ cos
(
Ωt′
)
+ y′ sin

(
Ωt′
)

z = z ′

I New metric:

gM
µν =


1 − r2Ω2 yΩ −xΩ 0

yΩ −1 0 0
−xΩ 0 −1 0

0 0 0 −1


with r =

√
x2 + y2
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I Metric is independent on t → Hamiltonian is conserved

H =

∫
dV√g00ε(~r) =

1
2g2

∫
d3x√γ√g00 gαβgσρTr

[
FασFβρ

]
I We can construct the partition function

Z = Tr exp [βH ]

I Ehrenfest-Tolman effect: in gravitational fields, the temperature is
not constant in space in global thermal equilibrium → T(r)

Z = Tr exp

[
−
∫

dV ε(r)
T(r)

]
I But! T(r)√g00 = 1/β = const.
I Define T(r = 0) ≡ T = 1/β
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Important remarks

I Causality imposes rΩ < 1

I System should be finite in x, y directions: not well defined
thermodynamic limit

I Boundary conditions are very relevant (in principle)
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Rotation in the Euclidean

I Wick rotation t → iτ

gE
µν =


1 0 0 yΩ
0 1 0 −xΩ
0 0 1 0

yΩ −xΩ 0 1 + r2Ω2


I (Complex!) action reads

SG =
1

2g2

∫
d4 x[(1 − r2Ω2)Fa

xyFa
xy + (1 − y2Ω2)Fa

xzFa
xz

+ (1 − x2Ω2)Fa
yzFa

yz + Fa
xτFa

τ + Fa
yτFa

yτ + Fa
zτFa

zτ

−2iyΩ(Fa
xyFa

xτ + Fa
xzFa

zτ ) + 2ixΩ(Fa
yxFa

xτ + Fa
yzFa

zτ )− 2xyΩ2Fa
zyFa

xz ]

I Sign problem → ΩI = −iΩ and analytic continuation
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Rotation on the lattice

I Lattice Nt × Nz × N 2
s

I Causality imposes ΩNsa/
√

2 < 1
I Periodic boundary conditions in t, z
I How does the discretization changes?

How should the boundary conditions in x, y be?
I Rotation affects renormalization? Yes, but we don’t discuss it
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Rotation on the lattice
I Discretized version

SG =
6
g2

∑
n

[
(1 + r2Ω2

I )(1 − 1
3
ReTr Ūxy)

+ (1 + y2Ω2
I )(1 − 1

3
ReTr Ūxz) + (1 + x2Ω2

I )(1 − 1
3
ReTr Ūyz)

+ 3 − 1
3
ReTr

(
Ūxτ + Ūyτ + Ūzτ

)
− 1

3
ReTr

(
yΩI (V̄xyτ + V̄xzτ )− xΩI (V̄yxτ + V̄yzτ ) + xyΩ2

I V̄xzy

)]
with clovers and chairs
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Deconfinement transition

I First order phase transition Tc(Ω = 0) ≈ 270 MeV
I Order parameter: Polyakov loop ∼ Fqq̄

P =
1

N 3
s

∑
~n

Tr

Nt−1∏
τ=0

U4(~n, τ)


I SG invariant under Z3 symmetry, but P is not!
I At high T , Z3 symmetry is spontaneously broken

〈P〉 = 0 : confinement
〈P〉 6= 0 : deconfinement
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Boundary conditions in x, y

I Periodic BC:
Usual but incompatible with field of velocities
Respect Z3 symmetry

I Open BC:
Any link outside of the lattice volume is excluded
Respect Z3 symmetry

I Dirichlet BC:
Links on the boundary are set to unity, links going outside are excluded
Violate Z3 symmetry

I Projective BC,…
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Results

I Results mainly for NJL models

I Transition temperature decreases Tc(Ω)/Tc(0) < 1

I What happens with gluon degrees of freedom?

I SU(3) Yang-Mills in a rotating frame
Braguta, Kotov, Kuznedelev, Roenko ’21

I Tc increases!
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https://inspirehep.net/literature/1845765


Results
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Results

I Data well described by quadratic function with vI = ΩI (Ns − 1)a/2

TC (vI )

Tc(0)
= 1 − B2v2

I

I For real rotation (analytic continuation)

TC (vI )

Tc(0)
= 1 + B2v2

I Results:

OBC : B2 ∼ 0.7
PBC : B2 ∼ 1.3
DBC : B2 ∼ 0.5

I BC seem to be screened
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Rotating fermions

I Covariant derivative gets modified

SF =

∫ √
det g00 ψ̄[γ

µ(Dµ − Γµ) + m]ψ

with

Γµ = − i
4
σijωµij

σij = − i
2
(γiγj − γjγi)

ωµij = gαβeαi (∂µeβj + Γβ
νµeνj )
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I Choosing a particular vierbein

SF =

∫
d4 ψ̄

γxDx + γyDy + γzDz + γτ

(
Dτ + iΩσ

12

2

)
+ m

ψ
with

γx = γ1 − yΩγ4

γy = γ2 + xΩγ4

γz = γ3

γτ = γ4

I Wilson fermions Yamamoto, Hirono ’13

I Staggered fermions Yang, Huang ’23
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https://inspirehep.net/literature/1225509
https://inspirehep.net/literature/2676265

