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Abstract

This paper presents a dynamic optimization model of RBC type
augmented by wage stickiness, and nonclearing labor market. Agents
are required to adaptively optimize when facing constraints on the
markets. Calibration for the U. S. economy shows that the model
will produce higher volatility in employment. Moreover, it provides
more reasonable cross-correlation of employment and wages with other
macroeconomic variables and improves on the correlation of the tech-
nology shock with employment. Overall, the model fits the data better
than the benchmark RBC model.
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1 Introduction

The real business cycle (RBC) model has become one of the major approaches
in macroeconomics to explain observed economic fluctuations. Despite its
rather simple structure, it can explain, at least partially, the volatility of
some major macroeconomic variables such as output, consumption and capi-
tal stock. However, to explain the actual variation in employment the model
generally predicts an excessive smoothness of labor effort in contrast to em-
pirical data. The problem of excessive smoothness in labor effort and its
failure of explaining the actual variation of employment is a well-known in
the RBC literature since the RBC paradigm was put forward.1 A recent
empirical evaluation of this failure of the RBC model is given in Schmidt-
Grohe (2001). There the RBC model is compared to indeterminacy models,
as developed by Benhabib and his co-authors. Whereas in RBC models the
standard deviation of the labor effort is too low, in indeterminacy models it
turns out to be excessively high.

Another problem in RBC literature related to this is the cross correla-
tion of output, labor effort, consumption and wages. As has been stated by
Rotemberg and Woodford (1996) and Schmidt-Grohe (2001) the RBC model
predicts that (a) forecastable movements in output, hours and consump-
tion move in different directions when impacted by a permanent technology
shock2 whereas the data show that forecastable changes in those variables are
positively correlated and (b) the overall movement of those three variables,
responding to a technology shock, are highly correlated. A similar observa-
tion also holds, as we will show, for the variation of wages. We here can
observe that the model also generally implies, for forecastable movements
of the variables in the model, a high positive correlation of wages with out-
put, consumption and a negative correlation with employment whereas in
the data the latter correlation is positive. We want to argue in this paper
that these problems appear to be considerably related to the specification of
the labor market.

A further major puzzle in the RBC model is that the model often predicts
a significantly high positive correlation between the technology shock and
employment whereas empirical research demonstrates, at least at business
cycle frequency, a negative or almost zero correlation. This puzzle is often
named the technology puzzle (see King and Rebelo (1999) and Francis and

1Critical evaluations of this issue include Summers (1986), Mankiw et al. (1985),
Rotemberg and Woodford (1996).

2In fact, in the model hours should fall and consumption rise whereas in the forecastable
change in these three variable one observes that these three series should be positively
correlated, see Rotemberg and Woodford (1996).
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Ramey (2003)).3

We would like to express the view here that the excessive smoothness
of the variation in employment, the incorrect correlation of the macro vari-
ables and the positive correlation of the technology shock and employment
essentially arise from an unrestricted consumption - leisure (employment)
choice model where economic agents can, in an intertemporal setting freely
and smoothly trade off consumption, leisure and employment.4 Indeed, in
the context of the smooth and unconstrained intertemporal choice of RBC
models there are three marginal conditions that ensure three equilibria to be
established. These are

(i) the Euler equation that ensures an equality in the intertemporal trade
off of consumption in consecutive periods,

(ii) the marginal rate of substitution equal to the real wage (the cost of
trading off leasure against consumption is equal to the real wage),

(iii) the optimizing of the firm ensures the equality of the marginal product
of labor equal to the real wage.

Whereas the establishment of those equalities presumes frictionless labor
markets5, actual labor markets are sluggishly adjusting. Thus, as recently
discussed in many contributions, in order to approach the labor market puzzle
in a real business cycle model, one thus has to make some improvement upon
labor market specifications.6 As we argue in this paper one possible approach
for such improvement is to allow for wage stickiness and a nonclearing labor
market.7, 8

An important research along the line of micro-founded Keynesian eco-
nomics has been historically developed by New Keynesian analysis based
on the sticky price and monopolistic competition. Attempts have now been

3The authors have extensively elaborated on this issue in Gong and Semmler (2006,
ch. 5 and ch. 9).

4An earlier test of this assumption has been undertaken by Mankiw et al. (1986) who
state that their empirical results ”casts serious doubts on the premise of most classical
macroeconomic models that observe a labor supply represents unconstrained choices given
opportunities”. (p. 241)

5As well as product and capital markets.
6See for example Hall (2005), Blanchard and Gali (2005) and Uhlig (2004).
7Recently there are many studies on EU-countries that allow for some sluggish in the

labor market. Many of those studies are discussed in Ernst et al. (2006).
8Recently Gali, Gertler and Lopez-Salido (2003) have considered the welfare cost for

the case when conditions (ii) does not hold, i.e. when the marginal rate of substitution
differs from the real wage and thus from the marginal product of labor, given by (iii).
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made recently that introduce the Keynesian features into a dynamic opti-
mization model. Rotemberg and Woodford (1995, 1999), King and Wollman
(1999), Gali (1999), Erceg, Henderson and Levin (2000), Woodford (2003),
Smets and Wouters (2004) and Christiano, Eichenbaum and Evans (2005)
present a variety of models with monopolistic competition and sticky prices.

On the other hand, there are models of efficiency wages where nonclearing
labor market could occur.9 We shall remark that in those studies with non-
clearing labor market, an explicit labor demand function is introduced from
the perspective of the decision problem of the firm side. However, the decision
rule with regard to labor supply in these models is often dropped because the
labor supply no longer appears in the welfare function of the household. Con-
sequently, the moments of labor effort become purely demand-determined.
Implicitly, the labor supply in the these models is assumed to be given ex-
ogenously, and normalized to 1. Hence nonclearing occurs in labor market if
the demand is not equal to 1.10

In this paper, we will present a stochastic dynamic optimization model
including Keynesian features along the line of the above consideration. In
particular, we shall allow for wage stickiness and nonclearing labor market.
However, unlike the other recent models of nonclearing labor market, we
shall view the decision rule of the labor effort derived from a dynamic opti-
mization problem as being a natural way to reflect the desired labor supply.
Although we propose intertemporal decision of economic agents we presume
that agents re-optimize once they face constraints on the market. In particu-
lar, we presume that households adaptively optimize once they have learned
about market constraints.

The basic mechanism works as follows. First, the intertemporal decision
of the household produces a notional labor supply but this labor supply can-
not necessarily be made effective. Since we presume a Calvo type updating
scheme for the partial adjustment of actual wages to the optimal wage, this
creates sticky wages. Given the wage sequence the firms, following the above
marginal rule (iii), adjust its notional demand for labor. Then, given the
imbalance of the supply and demand for labor a decision rule will have to be

9See Danthine and Donaldson (1990, 1995), Benassy (1995) and Uhlig and Xu (1996)
among others. A recently developed model of nonclearing markets of the French disequi-
librium tradition, which resembles ours, can be found in Portier and Puch (2004). Uhlig
(2004) also presumes that models with exogenous wage sequence at nonclearing market
level will be better suited to match actual labor market movements.

10Another line of recent research on modeling unemployment in a dynamic optimization
framework can be found in the work by Merz (1999) and Walsh (2002) among others, who
employs search and matching theory to model the labor market. Yet, as shown recently,
the search and matching models have difficulties to capture the volatility of the actual
ratio of vacancies and unemployment, see Shimer (2005).
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implemented to determine the actual employment. Subsequently, when the
households face a constraint on the labor market, they have to adaptively
optimize, i.e. re-optimize, to adjust their optimal consumption sequence to
the labor market constraint.

The here given short sketch over our proposed mechanism will permit
to improve on the above mentioned three puzzles. One of the advantages
of our formulation, as will become clear, is that employment rules can be
explored to specify the realization of actual employment when a nonclearing
market emerges. Overall our presumed adaptive behavior ensures that indeed
intertemporal decision11 are taken, but also nonclearing of markets can be
taken account of.

There is a similarity of our approach chosen here and the New Keynesian
analysis. New Keynesian literature presents models with imperfect competi-
tion and sluggish price and wage adjustments. However, the market in this
model variant is still assumed to be cleared since the producer supplies the
output whatever the market demands is at the existing price. A similar con-
sideration is also assumed to hold for the labor market. Here the wage rate is
set optimally by a representative of the household according to the expected
market demand curve for labor. Once the wage has been set, it is assumed
to be sticky for some periods and only a fraction of wages are allowed to
be changed with optimization in each period. Though in those models there
exists a gap between the optimal wage and existing wage, the labor market
is cleared since the household is assumed to supply the labor whatever the
market demand is at the given wage rate. Such a quantity decision, as we
will discuss in sect. 2 in the following analysis, may imply that the supplier
no longer behaves optimally. Also as to our knowledge this model variant
has not been rigorously put to a test of whether it can replicate actual labor
market movements.

In sum, the model we present here allows for wage stickiness and non-
clearing market. The nonclearing labor market requires quantity decisions.
We wish to argue that the New Keynesian and our approach are complemen-
tary rather than exclusive, and therefore they can somewhat be consolidated
as a more complete system for price and quantity determination within the
Keynesian tradition.

The remainder of this paper is organized as follows. Section 2 provides
a static analysis of price and quantity in our model of nonclearing market.
Section 3 presents the structure of our dynamic model and the adaptive op-

11One could, of course, also allow only for a fraction of the consumers adaptively op-
timizing and another fraction following some rule of thumb, see Gali, Lopez-Salido and
Valles (2003).
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timization mechanism. Section 4 calibrates the model for the U.S. economy.
Section 5 concludes. The appendix contains some technical derivations of
the model.

2 Nominal Stickiness and Noncleared Mar-

kets: A Static Analysis

Due to the quite intricate structure of our model, we shall first provide a
static analysis on how price and quantity may be seen to be determined. We
rely on Figure 1 to discuss, in a preliminary way, of how our approach relates
to the New Keynesian view. We shall remark that the discussion concerning
Figure 1 is rather general and can be viewed to be relevant for both a product
market or a labor market.

MC

w

w*

0

D0

w0

n0 n1

D1

ns n2

D2

n

Figure 1: A Static Model with Sticky Price Wage and Disequilibrium

Suppose that the producer (or the household in the case of the labor
market) has set up its price optimally according to the expected demand
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curve D0. Let us denote this price as w0. Consider now the situation that
the supplier’s expectation on demand is not fulfilled. Instead of n0, the
market demand at w0 is n1. In this case, the household may reasonably
believe that the demand curve should be D1 and therefore the optimum
price should be w∗. This raises the question whether the supplier should
change the price from w0 to the optimal w∗. Yet there may be nominal price
and wage stickiness.

A common explanation for nominal price stickiness is that there are ad-
justment costs for the changing price12 (or wage). This may provide the
reason for the supplier (or household) to stick to the price (or wage) even if
it is known that current price (or wage) may not be optimal. In the case of
the labor market, one may also derive this stickiness from wage contracts as
in Taylor (1980) with the contract period to be longer than one period.

In the spirit of Calvo (1983) we presume that the existence of adjustment
costs entails that there exists, for the economy as a whole, a probability ξ,
that a fraction of wages will be sticky and the other fraction (1− ξ) will be
adjusted. In our dynamic model, as will be presented in the next section,
this implies a partial adjustment process, such as

wt = ξwt−1 + (1− ξ)w∗
t , (1)

where wt is the actual wage rate at period t while w∗
t is the optimal wage

rate in t. Wage stickiness due to such a partial adjustment process for the
wage has been presumed in many recent papers, see Gali and Blanchard
(2005), Hall (2005) and Shimer (2005).13 In appendix I we will provide a
detailed derivation of this partial adjustment process.

Given such wage stickiness, we shall now turn to the problem of how
quantities are determined. The recent New Keynesian literature presumes
that at the existing wage rate, the producer (or household) shall supply
output (or labor effort) whatever the market demand is. With such a way of
quantity determination, the market is regarded to be “cleared” and therefore
the concept of disequilibrium as often appearing in the traditional Keynesian

12There could be the so-called menu cost for changing prices (though this seems more
appropriate for the output price). There is also a reputation cost for changing prices, see
Rotemberg (1982). In addition, changing the price (or wage) needs information, compu-
tation and communication, which may be also costly. See the discussion in Christiano,
Eichenbaum and Evans (2005) and Zbaracki, Ritson, Levy, Dutta and Bergen (2000). All
these efforts cause costs, which may be summarized as adjustment cost of changing the
price or wage.

13We here make no further attempt to elaborate on some micro foundations of such
partial adjustment process. For such an effort, see, for example Christophel and Linzart
(2005).
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literature, no longer appears here.
However, at the given price the producer’s willingness to supply is ns. In

the case of labor market, the marginal cost curve, MC in figure 1, can be
interpreted as marginal disutility of labor which has also an upward slope
if we use the standard log utility function as in the RBC literature. There-
fore, ns can be understood as the household’s willingness to supply labor.
If we define the market demand and market supply in this standard way,
nonclearing labor market can be a permissable phenomena.

On the recognition that a disequilibrium may still exist in a monopolistic
competitive market where prices and wages adjust sluggishly, the quantity
determination in the recent New Keynesian literature could be enriched by
referring the traditional disequilibrium theory. Suppose in Figure 1, the
actual demand at w0 is n2 and therefore the supplier may expect that demand
curve will be D2. If we allow the supplier to provide output (or labor effort)
whatever the market demand is, we find that the actual supply should be
equal to n2. Yet, this supply is not optimal since at n2, the marginal cost is
larger than the marginal revenue when the price is given. Or, in terms of our
marginal condition (ii) in the introduction, the marginal rate of substitution
could be greater than the real wage that the household receives, indicating
a gap between those two which arises from a noncleared market. However,
if we apply the short-side rule as in disequilibrium analysis (see Benassy
1975, 1984, 2003), we would find that the producer will choose ns which is
optimal in this case. On the other hand, if ns is chosen this also implies some
nonclearing markets.14

In the model we present in the next section, we shall consider a partic-
ular disequilibrium rule, we will call it a compromise rule, for the quantity
determination given sticky price and wage as also assumed in the recent New
Keynesian literature. We will find that the introduction of noncleared mar-
kets and disequilibrium rule will require a second step optimization, so an
adaptive optimization due to market constraints, that arises after the first
step. Next let us present our model structure.

3 An Economy with Sticky Wage and Non-

clearing Labor Market

In order to be methodologically consistent, we also follow the usual assump-
tions of identical households and identical firms. Therefore we are considering

14Even if the New Keynesian do not allow for some disequilibrium rule, they probably
would admit the second phenomena, see Gali, Gertler and Lopez-Salido (2003).
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an economy that has two representative agents: the representative household
and the representative firm. There are three markets in which the agents ex-
change their products, labor and capital. The household owns all the factors
of production and therefore sells factor services to the firm. The revenue
from selling factor services can only be used to buy the goods produced by
the firm either for consuming or for accumulating capital. The representative
firm owns nothing. It simply hires capital and labor to produce output, sells
the output and transfers the profit back to the household.

Unlike the RBC model, in which one could assume an once-for-all market,
we, however, in this model shall assume that the market to be re-opened at
the beginning of each period t. This is necessary for a model with nonclearing
markets in which adjustments should take place.

Let Kt denote for capital stock, Nt for per capita working hours, Yt for
output and Ct for consumption. Assume that the capital stock in the econ-
omy follow the transition law:

Kt+1 = (1− δ)Kt + AtK
1−α
t (NtXt)

α − Ct, (2)

where δ is the depreciation rate; α is the share of labor in the production
function F (·) = AtK

1−α
t (NtXt)

α; At is the temporary shock in technology
and Xt the permanent shock that follows a growth rate γ. We follow the
usual process to divide both sides of equation (2) by Xt so that

kt+1 =
1

1 + γ

[
(1− δ)kt + Atk

1−α
t (ntN/0.3)α − ct

]
, (3)

where kt ≡ Kt/Xt, ct ≡ Ct/Xt and nt ≡ 0.3Nt/N with N to be the sample
mean of Nt. This indicates that all the variables are now stationary. Note
that nt is often regarded to be the normalized hours. The sample mean of
nt is equal to 30 %, which, as pointed out by Hansen (1985), is the average
percentage of hours attributed to work.

3.1 The Wage Setting

Note that there are three commodities in our model and therefore there are
three types of prices, the output price pt, the wage rate wt and the rental
rate of capital stock rt. One of them should serve as a numeraire, which
we assume to be the output. This indicates that the output price pt always
equals 1 and thus the wage wt and the rental rate of capital stock rt are all
measured in terms of the physical units of output.15 As to the rental rate of

15For our simple representative agent model without money, this simplification does not
effect our major result derived from our model. Meanwhile, it will allow us to save some
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capital rt, it is assumed to be adjustable so as to clear the capital market.
We can then ignore its setting. Indeed, as will become clear, one can imagine
any initial value of the rental rate of capital when the firm and the household
make the quantity decisions and express their desired demand and supply.
This leaves us to focus the discussion only on the wage setting.

Following the discussion in the previous section with regard to Figure 1,
we shall now first discuss how the household chooses the optimal wage rate
at period t, that is, w∗

t . We can express this determination by relying on the
following model of dynamic optimization:

max
w∗

t ,{ct+i}
∞

i=0

Et

[
∞∑

i=0

(ξβ)i U(ct+i, nt+i)

]
(4)

subject to

kt+i+1 =
1

1 + γ
[(1− δ)kt+i + f(kt+i, nt+i, At+i)− ct+i] ; (5)

w∗
t = fn(kt+i, nt+i, At+i). (6)

Above, U(·) is the utility function which depends on consumption ct+i and

employment nt+i; f(·) ≡ At+ik
1−α
t+i (nt+iN/0.3)α is the production function in

a stationary form, which is implied by (3 ); fn(·) is the marginal product of
labor derived from f(·) ; β is the discount factor; (1 − ξ) is the probability
that the wage rate w∗

t will be set in period t + 1;16 and finally, Et is the
expectation operator. Note that here we have assumed that the household
knows the production function f(·) and therefore knows the firm’s demand
curve for the labor. This indicates that the employment nt+i should satisfy
the first-order condition as expressed in (6) for all the possible future periods.

In this paper, we shall assume that the utility function takes the following
standard form:

U(c, n) = ln c+ θ ln(1− n). (7)

Given such a utility function, the solution regarding w∗
t can be expressed

by the following proposition:

Proposition 1 Assume that EtAt+i = At, for i = 0, 1, 2....while U(ct+i, nt+i)
is implied by (7). Then, the optimum wage rate w∗

t can be expressed as

effort to explain the nominal price determination, a focus in the recent New Keynesian
literature.

16Therefore, (1− ξ)i is the probability that w∗
t
is set in period t+ i.
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w∗
t =

[
(At)

1/(1−α)(θα1/(1−α) − αα/(1−α))

1− δ

](1−α)/α

(8)

provided θ > 1/α.

The proof of this proposition is provided in Appendix I. we shall remark
that the restriction θ > 1/α ensure that the solution with respect to w∗

t

is real. Also note that for the empirical test, w∗
t should be regarded to be

the wage rate that has been detrended by the permanent growth in labor
productivity. This will be made clear in Appendix I. The same is true for wt

as expressed in equ. (1).
Given the optimal wage rate w∗

t as expressed in (8), the actual wage rate
wt is partially adjusted toward to optimal wage rate, w∗, and thus is given
by equ. (1).

3.2 The First Step Decision of the Household

The next step in our multiple stage decision process is to model the first
step decision of the households, given the price and wage that have been set
up. We here define the household’s notational demand and supply as those
demand and supply that can allow the household to obtain the maximum
utility under the condition that these demand and supply can be realized
at the given set of prices. Although the household may realize that their
national demand and supply may not be effective, such modelling is still
necessary because it provides the basis for the household to bargaining with
the employer, the firm, when disequilibrium occurs.

We can express the household’s national decision as a sequence of output
demand and factor supply

{
cdt+i, i

d
t+i, n

s
t+i, k

s
t+i+1

}∞
i=0

, where it+i is referred
to investment. Note that here we have used the superscripts d and s to refer
to the agent’s desired demand and supply. The decision problem for the
household to derive its demand and supply can be formulated as

max
{ct+i,nt+i}

∞

i=0

Et

[
∞∑

i=0

βiU(cdt+i, n
s
t+i)

]
(9)

subject to
kst+i+1 = (1− δ)kst+i + f(kst+i, n

s
t+i, At+i)− cdt+i. (10)

For the given technology sequence {At+i}
∞
i=0, equs. (9) and (10) form a

standard intertemporal decision problem. The solution to this problem can
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be written as:

cdt+i = Gc(k
s
t+i, At+i); (11)

nst+i = Gn(k
s
t+i, At+i). (12)

We shall remark that although the solution appears to be a sequence
{
cdt+i, n

s
t+i

}∞
i=0

only (cdt , n
s
t ) along with (idt , k

s
t ), where i

d
t = f(kst , n

s
t , At)− cdt and kst = kt, are

actually carried into the market by the household for exchange due to our
assumption of re-opening of the market.

3.3 The Quantity Decision of the Firm

Since the firm simply rents capital and hires labor on a period-by-period
basis, the problem faced by the representative firm at period t is to choose
the current input demands and output supplies (ndt , k

d
t , y

s
t ) that maximizes

the current profit. We presume that the firm has a perceived demand curve
for its product. Thus given the output price, which is set at 1 as a numeraire,
the firm has an expected constraint on the market demand for its product.
We shall denote this expected demand as ŷt. This is somehow corresponding
to n1 or n2 (when price equals w0), as in Figure 1, if we refer it to the product
market.

On the other hand, given the price of output, labor and capital stock
(1, wt, rt), the firm should also have its own desired supply y∗t , which in
Figure 1 corresponds to ns. This desired supply is the amount that allows
the firm to own the maximum profit on the assumption that all its output
can be sold. Obviously, if the expected demand ŷt is less than the firm’s
willingness to supply, y∗t , the firm will choose ŷt. Otherwise, it will choose y∗t
as is common in disequilibrium analysis.

This consideration indicates that the expectation on ŷt will become an
important factor in determining the demand for factors. For the given pro-
duction function, we thus find that the demand for labor and capital are
both functions of price, technology and expectation:

kdt = k(rt, wt, 1, At, ŷt); (13)

ndt = h(rt, wt, 1, At, ŷt). (14)

We are now considering the transactions in our three markets. Let us
first consider the two factor markets.

3.4 Transaction in the Factor Market

Given the quantity decision regarding the desired demand and supply from
the household and the firm, we shall now discuss the transaction between
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them. We have assumed the rental rate of capital rt to be adjustable in each
period and thus the capital market is cleared. This indicates that

kt = kst = kdt .

As concerning the labor market, there is no reason to believe that firm’s
demand for labor, as expressed in (14) should be equal to the willingness
of the household to supply labor as determined in (12) given the way of
wage determination as explained in sections 2 and 3.1. Therefore, we cannot
regard the labor market to be cleared.

When the labor market is not cleared, we shall have to specify what rule
should apply regarding the realization of actual employment.

Disequilibrium Rule: When disequilibrium occurs in the labor
market either of the following two rules might be considered to
be applied:

nt = min(ndt , n
s
t ) (15)

nt = ωndt + (1− ω)nst (16)

where ω ∈ (0, 1).

Above, the first is the famous short-side rule when disequilibrium occurs,
as discussed in sect. 2. As mentioned before, it has been widely used in the
literature on disequilibrium analysis (see, for instance, Benassy 1975, 1984,
among others). The second might be called the compromise rule. This rule
indicates that when nonclearing of the labor market occurs both firms and
workers have to compromise. If there is excess supply, firms will employ
more labor than what they wish to employ. 17 On the other hand, when
there is excess demand, workers will have to offer more effort than they
wish to offer.18 Such mutual compromises may be due to the institutional

17This case could also be brought about by firms by demanding the same (or less) hours
per worker but employing more workers than being optimal. This case also corresponds
to what is discussed in the literature as labor hoarding where firms hesitate to fire workers
during a recession because it may be hard to find new workers in the next upswing, see
Burnside et al. (1993). Altogether here a gap between the MRS and real wage would arise.
Moreover, firms may be off their marginal product curve and thus this might require wage
subsidies for firms as has been suggested by Phelps (1997).

18This could be achieved by employing the same number of workers but each worker sup-
plying more hours (varying shift length and overtime work); for a more formal treatment
of this point, see Burnside et al. (1993).

13



structures and moral standards of the society.19 Given the rather corporate
relationship of labor and firms in some European countries, for example, this
compromise rule might be considered a reasonable approximation. Such a
rule that seems to hold for many countries was already discussed early in the
economic literature, see Meyers (1968) and also Solow (1979).

We want to note that the unemployment we discuss here is different from
unemployment as often discussed in those search and matching models. In
our model, the unemployment is mainly due to some labor market stickiness
and the insufficiency in the expected demand ŷt, which allows us to derive
the demand for labor, see equ. (14), relative to the household’s willingness
to supply labor, given the institutional arrangements of the wage setting.
On the other hand, frictional unemployment can arise from informational
and institutional search and matching frictions where welfare state and labor
market institutions may play a role. Yet the frictions in the institutions of
the matching process are likely to explain only a certain fraction of observed
unemployment.20

3.5 The Adaptive Optimization and the Transaction
in the Product Market

After the transactions in these two factor markets have been carried out, the
firm will engage in its production activity. The result is the output supply,
which can be expressed as

yst = f(kt, nt, At). (17)

Then the transaction needs to be carried out with respect to yst . It is im-
portant to note that when the labor market is not cleared, households face

19Note that if firms are off their supply schedule and workers off their demand schedule,
a proper study would have to compute the firms’ cost increase and profit loss and the
workers’ welfare loss. If, however, the marginal cost for firms is rather flat (as empirical
literature has argued, see Blanchard and Fischer, 1989) and the change of MRS is also low
the overall loss may not be so high. The departure of the value function – as measuring
the welfare of the representative household from the standard case – is studied in Gong
and Semmler (2006, ch. 8). Results of this study show rather small effects.

20Yet, the background for most of the search and matching models is still smooth and
frictionless intertemporal choice and ”first best solutions”. For a recent position repre-
senting this view, see Ljungqvist and Sargent (1998, 2003). For comments on this view,
see Blanchard (2003), see also Walsh (2002) who employs search and matching theory to
derive the persistence of real effects resulting from monetary policy shocks. For a fur-
ther evaluation of ’first best solution’ under sticky labor markets see Blanchard and Gali
(2005).
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constraints on the labor market and the previous consumption plan as ex-
pressed by (11) becomes invalid due to the improper budget constraint that
leads to the improper transition law of capital (10), for deriving the plan.
Therefore, the household will be required to behave adoptively and to con-
struct a new consumption plan, which should be derived from the following
optimization program:

max
(cdt )

U(cdt , nt) + Et

[
∞∑

i=1

βiU(cdt+i, n
s
t+i)

]
(18)

subject to

kst+1 = (1− δ)kt + f(kt, nt, At)− cdt ; (19)

kst+i+1 = (1− δ)kst+i + f(kst+i, n
s
t+i, At+i)− cdt+i; (20)

i = 1, 2, ....

Note that in this optimization program the only decision variable is about cdt
and the data includes not only At and kt but also nt, which is given by either
(15) or (16). The actual employment, nt is here a constraint. We can write
the solution in terms of the following equation (see Appendix II for details):

cdt = Gc2(kt, At, nt). (21)

Given this adjusted consumption plan, the product market should be cleared
if the household demands the amount f(kt, nt, At)−c

d
t for investment. There-

fore, cdt in (21) should also be the realized consumption.21

4 Calibration for the U. S. Economy

This section provides an empirical study, for the U. S. economy, using our
model as presented in the last section. For our empirical test, we consider two
model variants: the benchmark RBC model, as the standard for comparison,
and our model with nonclearing labor market. Specifically, we shall call the
benchmark model as Model I and the model with nonclearing market as
Model II.

21We have obtained some comments from participants of conferences, to explore an
alternative closure of our model by allowing the condition (ii) in the introduction to hold,
namely to let, for a given {nt}, the MRS equal the real wage, determining the consumption,
ct. Yet, we think our closure is preferable since we can allow for intertemporal household
decisions.
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4.1 The Data Generating Process

For the benchmark model, the Model I, we shall first assume that the tem-
porary shock At may follow an AR(1) process:

At+1 = a0 + a1At + εt+1, (22)

where εt is an independently and identically distributed (i.i.d.) innovation:
εt ∼ N(0, σ2

ε ). The data generating process thus include (3), (22) as well as

ct = G11At +G12kt + g1; (23)

nt = G21At +G22kt + g2; (24)

wt = α(N/0.3)α−1Atk
1−α
t nα−1

t . (25)

Note that here (25) is the wage variation that makes the demand for labor
equal to the labor supply n in the standard model; (23) and (24) are the linear
approximations to (11) and (12). The coefficients Gij and gi(i = 1, 2 and
j = 1, 2) are all complicated functions of the model’s structural parameters,
α, β, among others. They are computed by a numerical algorithm using
the linear-quadratic approximation method.22 Given these coefficients and
the parameters in equation (22), including σε, we can simulate the model to
generate stochastically simulated data. These data can then be compared to
the sample moments of the observed economy.

To define the data generating process for our model with sticky wages
and nonclearing labor market, the Model II, we shall first modify (24) as

nst = G21At +G22kt + g2. (26)

On the other hand, the equilibrium in the product market after the adaptive
optimization indicates that cdt in (21) should be equal to ct. Therefore, this
equation can also be approximated as

ct = G31At +G32kt +G33nt + g3. (27)

In the Appendix II, we provide the details how to compute the coefficients
G3j, j = 1, 2, 3, and g3.

Next we consider the demand for labor ndt as implied in (13) - (14). The
following proposition concerns the derivation of ndt .

Proposition 2 When the capital market is cleared, the demand for labor
can be expressed as

ndt =

{
(0.3/N̄) (ŷt/At)

1/α k
(α−1)/α
t if ŷt < (αAt/wt)

α/(1−α)ktAt

(αAt/wt)
1/(1−α)kt(0.3/N̄) if ŷt ≥ (αAt/wt)

α/(1−α)ktAt

(28)

22The algorithm that we used here is from Gong and Semmler (2006).
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The proof of this proposition is provided in Appendix III. Finally, we
assume that

ŷt = yt−1 (29)

so that the expectation is fully adaptive to the actual output in the last
period.23

Thus, for Model II, the data generating process includes (1), (3), (8),
(16), (22) and (26) - (29). Note that here we in this paper only consider the
compromising rule as the realization when disequilibrium occurs in the labor
market.24

4.2 The Data and the Parameters

The data set used in this section as a sample economy for U. S. is taken from
OECD.25 It covers the period from 1960.1 to 2005.2 and will be available
upon request. There are altogether 11 parameters in our models: α, γ, a0,
a1, σε, β, δ, θ, µ, ξ and ω. We first specify α at 0.66, which is standard
as in Christiano and Eichenbaum (1992). γ is set to 0.0085, which is the
average growth rate of GDP in the sample. These two parameters allows us
to compute the data series of the temporary shock At. With this data series
At, we estimate the parameters a0, a1 and σε. The next three parameters
β, δ and θ are also set to the standard value, again from Christiano and
Eichenbaum (1992). For the new parameters µ, ξ and ω, we first specify µ
at 0.0043, which is the average growth rate of the labor force in the United
States. The parameter ξ is set to 0.9131, which is obtained by matching the
wage sequence according to equation (1) with the sequence of w∗

t computed
by (8) given the other related parameters as specified previously. Finally, ω
is set to 0.3293. This is estimated by

ω = argmin
∑

t

[nt − (ωndt + (1− ω)nst)]

which minimal the residual sum of square between actual employment
and the model generated employment.26 The estimation is executed by a

23Of course, one can also consider other forms of expectation. One possibility is to
assume expectation to be rational so that it is equal to the steady state of yt. Indeed, we
have also undertaken such empirical study, yet the result is less satisfying.

24Note that here we only use the compromise rule for the determination of employment
though implicitly we use the short side rule for the output supply. Empirically, the short
side rule seems to be less satisfying than the compromise rule when we study the labor
market disequilibrium. See the comparison of these two rules in Gong and Semmler (2003).

25See OECD(2005).
26both of which are detrended by HP-filter before matching.
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conventional algorithm using grid search. Table 1 illustrates these parame-
ters:

Table 1: The Parameters used in Calibration
α 0.66 σε 0.3984 µ 0.0043
γ 0.0085 β 0.993 ξ 0.9131
a0 0.7383 δ 0.0209 ω 0.3293
a1 0.9894 θ 2

Given the parameters in table 1 we can compute the parameters Gij as
stated in the linear decision rules for ct and nt of equs. (23)-(24): We obtain

ct = 0.0420kt + 22672.5730At + g1

nt = −2.3342 1 · 10−9kt + 0.0022At + g2.

Given that k is very large the coefficients for kt are very small.
One can plot the optimal policy reaction, ct, yt, ωt and nt, responding to

the state variable kt. Presuming that we have kt < k∗, with k∗ the steady
state value, one would expect optimal consumption, output and wage to be
lower than at the steady state, but moving up, and labor effort, nt, above its
steady state but moving down as kt rises toward the steady k∗.
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Figure 2: Optimal response of consumption (solid line), output
(big dashed line) wage (small dashed line) and labor effort (dotted
line) to kt.

As figure 2 shows one indeed obtains, if kt < k∗ an negative correlation
of employment and consumption and a positive correlation of consumption,
wage27 and output as capital stock is kt < k∗ but rising. The economic
explanation is that with kt < k∗the marginal product and thus the real
interest rate is high, consumption, output and wage are low but saving is
high. On the other hand the short fall of capital and its high marginal
product makes people not only to postpone consumption, but also leisure,
and thus labor effort is high.

What we have explained with respect to a short fall of capital, kt < k∗

of course also holds, if the technology shock is permanent so that the actual
kt has to be down-scaled by an increase in technology trend. Then the same
paths for output, consumption and labor effort would arise as in figure 2.28

27Note that we obtain the movement of the wage directly from the equ. (25).
28See also Rotemberg and Woodford (1996) for such an interpretation of a permanent

technology shock. They also show in their work that the forecastable movement of the
variables in the RBC model is incorrect as compared to the actual data,, when for the
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Overall, figure 2 shows us the proper cross-correlation that the standard
Model I with smooth and frictionless optimizing behavior of the agents and
market clearing would predict as a result of a permanent technology shock.

4.3 Calibration

Next we want to calibrate our two model variants I and II. We calibrate what
Rotemberg and Woodford (1996) call the overall movements of the variables.
We shall first remark that to generate the stationary series as required for
the empirical test, we also have to divide the related data series (such as
output, capital stock among others) by the permanent shock Xt. We set
the initial condition for Xt to be 1,000,000. The same time, we also have
to re-scale the wage series after it is divided by Zt, the permanent shock in
productivity. This re-scaling is necessary because we do not exactly know
the initial condition of Zt, which we also set to 1,000,000. We re-scale the
wage series in such a way that the average wage series is equal to the average
optimum wage series w∗

t as computed by (8).
Table 2 provides our calibration results from 5000 stochastic simulations.

All time series are detrended by the HP-filter.

latter the forecastable movements are obtained by a VAR regression.

20



Table 2: Calibration of the Model Variants
(numbers in parentheses are the corresponding standard error)

ct kt nt yt wt

Standard Deviations
Sample Economy 0.0098 0.0050 0.0106 0.0138 0.0109
Model I Economy 0.0046 0.0024 0.0036 0.0096 0.0061

(0.0005) (0.0004) (0.0003) (0.0010) 0.0006
Model II Economy 0.0042 0.0025 0.0091 0.0102 0.0032

(0.0005) (0.0004) (0.002) (0.0009) (0.0005)
Correlation Coefficients

Sample Economy
Consumption (ct) 1.0000
Capital Stock (kt) 0.0018 1.0000
Employment (nt) 0.7021 0.0130 1.0000
Output (yt) 0.9479 0.0001 0.8375 1.0000
Wage (wt) 0.2014 0.3182 0.0675 0.2287 1.0000

Model I Economy
Consumption (ct) 1.0000

(0.0000)
Capital Stock (kt) 0.31593 1.0000

(0.0643) (0.0000)
Employment (nt) 0.8995 -0.1261 1.0000

(0.0205) (0.0331) (0.0000)
Output (yt) 0.9741 0.0840 0.9774 1.0000

(0.0054) (0.0495) (0.0051) (0.0000)
Wage (wt) 0.9932 0.2050 0.9440 0.9923 1.0000

(0.0011) (0.0584) (0.0122) (0.0016) (0.0000)
Model II Economy
Consumption (ct) 1.0000

(0.0000)
Capital Stock (kt) 0.2523 1.0000

(0.0818) (0.0000)
Employment (nt) 0.1848 -0.2198 1.0000

(0.1097) (0.1103) (0.0000)
Output (yt) 0.7983 -0.1074 0.7138 1.0000

(0.0411) (0.0927) (0.0457) (0.0000)
Wage (wt) 0.7035 0.7928 0.2158 0.4996 1.0000

(0.0330) (0.0385) (0.1021) (0.0549) (0.0000)

Note that in this calibration we are here moving on to a comparison of
the actual or overall movement of the variables in contrast to the forecastable
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movement of the variables as discussed in sect. 4.3.
First we want to remark that the moment statistics from our sample

economy are not much different from those in the standard data sets, such
as the data set used in Christiano and Eichenbaum (1992), although we have
also added the statistics of the wage sequence.29 Secondly, our calibration
for the Model I economy replicates the standard RBC model as discussed in
the literature. Here we find the excessive smoothness of labor effort. For our
time period, 1960.1 to 2005.2, we find 0.37 in the Model I Economy as the
ratio of the standard deviation of labor effort to the standard deviation of
output. This ratio is roughly 0.77 in the Sample Economy. The problem is
somewhat better resolved in our Model II Economy with wage stickiness and
nonclearing labor market. There the ratio is approximately 0.89.

Although we have improved on the volatility of labor effort in the Model
II economy, we have to point out that the wage sequence in our model still
turns out to be excessively smooth. In the sample economy, the ratio is about
0.79 as the standard deviation of wage to the standard deviation of output.
This number is however 0.31 in the Model II economy. On the other hand, in
the standard model, the Model I economy, the volatility of wage sequence is
higher. Here the ratio is about 0.63. In our Model II economy the excessive
smoothness of the wage sequence is largely due to the specification that the
wage is determined somehow exogenously. Here we have posited that the
wage is determined by its own lagged value along with the exogenous factor,
the technology At.

30 It does not depend on those endogenous variables such
as output among others. Though this specification does produce a very good
match with the sample sequence (see Panel A and Panel B in Figure 3 ),
its volatility will be unavoidably reduced if we do not include an additional
shock, as in our calibration, with regard to the wage specification (see Panel
C and Panel D in Figure 3).31 The standard deviation of this additional shock
could in principle be computed by the residual generated from matching the
sample sequence of the wage when we estimate ξ.

Given this consideration, we provide an additional calibration for our
model II economy, but this time adding another innovation generated by a

29Indeed, it is the inclusion of the wage sequence in our model that makes necessary the
reconstruction of our data set.

30Note that the optimum wage w∗
t
as a partial determination of wage sequence (see

equation 1) only varies with the technology, see equ. (8).
31Given the estimated ξ as reported in Table 1, the predicted wage in Figure 3 is

expressed by the observed lagged wage and the observed optimum wage, the latter of
which is determined by the observed technology via (8). On the other hand, the calibrated
wage is explained by the lagged calibrated (or simulated) wage and the observed optimum
wage.
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disturbance of the wage equation. The equ. (1) can then be written as

wt = ξwt−1 + (1− ξ)wt) + νt

Here νt can be regarded as the second shock. When we estimate the ξ
in that equation we get some residual which can be regarded as a sample
of νt) and therefore we can compute the standard deviation of νt. This is
exactly similar to the procedure when we compute the standard deviation of
technology shock. Note that we have reported the ξ in table 1.

Table 3 provides the result where we can find the volatility of the wage
sequence has greatly improved.

Table 3: Calibration of Model II Economy with Additional Shock
(numbers in parentheses are the corresponding standard error)

ct kt nt yt wt

Standard Deviations 0.0042 0.0025 0.0091 0.0102 0.0159
(0.0005) (0.0004) (0.0003) (0.0010) (0.0017)

Correlation Coefficients
Consumption (ct) 1.0000

(0.0000)
Capital Stock (kt) 02571 1.0000

(0.0814) (0.0000)
Employment (nt) 0.1775 -0.2239 1.0000

(0.1058) (0.1061) (0.0000)
Output (yt) 0.7963 -0.1062 0.7111 1.0000

(0.0406) (0.0891) (0.0453) (0.0000)

Wage (wt) 0.1391 0.1586 0.0415 0.0981 1.0000
(0.1398) (0.1488) (0.1016) ( 0.1326) (0.0000)
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Figure 3: Matching of the wage sequence: Solid line the observed wage,
dotted line the predicted or calibrated wage

Next, we can look at the cross-correlations of the macroeconomic vari-
ables, for both the one and two shock calibrations. In the Sample Economy,
there are no significant correlations among macroeconomic variables except
perhaps between output and consumption and between output and labor.
Yet, in the Model I economy, we find that almost all economic variables
are strongly correlated with each other, except the capital stock. We shall
remark here that such an excessive correlation can be expected from other
calibration exercises32 of the standard RBC mocel, but has, to our knowl-

32See for example Schmidt-Grohe, where all the considered macro variables reveal very
strong cross correlations.
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edge, not explicitly been discussed in the RBC literature, including the recent
study by Schmidt-Grohe (2001). Discussions have often been focused on the
correlation with output. It can be seen as a success of our model that all cross-
correlation have been significant weakened in our Model II economy. This
holds true for the one shock calibration (Table 2) but especially for the model
with a second shock, see Table 3, resembling more the cross-correlations in
the actual economy.

Finally by addressing the technology puzzle we shall investigate the tem-
porary effect of the technology shock on labor effort. Table 4 reports the
cross correlation of temporary shock At from our 5000 thousand stochastic
simulation. As one can find there, the two models predict rather different cor-
relations. In the Model I (RBC) Economy, technology At exerts temporary
effects not only on consumption, wage and output, but also on employment,
which are all significantly positive. Yet, in our Model II Economy with sticky
wages and nonclearing labor market, we find that the correlation with em-
ployment is no longer significant. This is consistent with the widely discussed
recent finding that technology has near-zero (or even negative) effect on em-
ployment.33 In the context of our model this result is obtained because the
product market is constrained, as posited in proposition 2, and therefore the
technology shock is likely not to increase employment.

Table 4: Cross Correlations of Variables with the Technology Shock
ct kt nt yt wt

Model I Economy 0.9600 0.0401 0.9858 0.9990 0.9860
(0.005) (0.0453) (0.0033) (0.0002) (0.0028)

Model II Economy 0.9404 -0.0724 0.1763 0.8107 0.4317
(without second shock) (0.0109) (0.0609) (0.1016) (0.0363) (0.0238)
Model II Economy 0.9403 -0.0730 0.1773 0.8107 0.0836
(with second shock) (0.0109) (0.0612) (0.1023) (0.0366) (0.1352)

5 Some Conclusions

The benchmark RBC model has difficulties to explain the performance of the
labor market. These difficulties are likely to be caused by the structure of
the competitive general equilibrium model smoothly adjusting to the three
marginal conditions as stated in sect. 1 of this paper. This modelling struc-
ture may restrict its usefulness to the real world, which perhaps is better
represented by a model with sticky wage and nonclearing labor market. In

33See Francis and Ramey (2003).
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this paper, we present a dynamic general disequilibrium model of RBC type
where agents are adaptively optimizing when facing constraints. Calibration
for the U. S. economy shows that such a model variant will produce a higher
volatility in employment, and thus fits the data better than the benchmark
model. Moreover, it improves on the more reasonable cross correlation of
wages, of the macroeconomic variables. Finally, it improves on the technol-
ogy puzzle. Our result is consistent with a class of models along the line of
New Keynesian tradition of wage stickiness. Yet, in contrast to the latter, we,
however, allow for nonclearing labor market in addition to wage stickiness.
This approach may help to treat labor market and business cycle puzzles
coherently within a single model of dynamic optimization. It may also, as
shown in Ernst et al. (2006) permit for a more consistent evaluation of labor
market reforms as currently undertaken in EU-countries.34

34For a more detailed study of the effects of labor market reforms in the context of a
general disequilibrium model of the above type, see Ernst et al. (2006).
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6 Appendix

6.1 Appendix I: The Optimum Wage Rate (Proposi-
tion 1)

Let Xt = ZtLt, with Zt to be the permanent shock resulting purely from
productivity growth, and Lt from population growth. We shall assume that
Lt has a constant growth rate µ and hence Zt follows the growth rate (γ−µ).
The production function can be written as Yt = AtZ

α
t K

1−α
t Hα

t , where Ht

equals NtLt and can be regarded as total labor hours. We thus obtain the
following first-order condition regarding the demand for hours:

W ∗
t = αAt+i (Zt+i)

α (Kt+i)
1−α (Ht+i)

α−1 ,

where W ∗
t is the optimum wage rate without detrending. Diving both sides

by Zt+i, we find that (6) can be written as

w∗
t = α(N̄/0.3)α−1At+ik

1−α
t+i n

α−1
t+i .

This equation is equivalent to (6) and allows us to derive

nt+i = kt+i (ηAt+i/w
∗
t )

1/(1−α) (30)

where η ≡ α(N̄/0.3)α−1. Substitute (30) into (4) and (5), our dynamic
optimization model can thus be expressed as

max
w∗

t ,{ct+i}
∞

i=0

Et

[
∞∑

i=0

β̃iU(ct+i, n(kt+i,At+i, w
∗
t ))

]
(31)

subject to

kt+i+1 =
1

1 + γ
[(1− δ)kt+i + f(kt+i, n(kt+i,At+i, w

∗
t ), At+i)− ct+i] , (32)

where β̃ = ξβ and n(·) is implied by (30). Note that here

f(kt+i, n(kt+i,At+i, w
∗
t ), At+i) = (N̄/0.3)αAt+ik

1−α
t+i

[
kt+i (ηAt+i/w

∗
t )

1
1−α

]α

= (α/w∗
t )
α/(1−α) (At+i)

1/(1−α) kt+i,

while

U(ct+i, n(kt+i,At+i, w
∗
t )) = ln ct+i + θ ln

[
1− kt+i (ηAt+i/w

∗
t )

1/(1−α)
]
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To derive the first-order condition for the problem (31) - (32), we set the
Lagrange as

L = Et

∞∑

i=0

β̃i
{
ln ct+i + θ ln

[
1− kt+i (ηAt+i/w

∗
t )

1/(1−α)
]}
−

Et

∞∑

i=0

β̃i+1λt+i+1

{
kt+i+1 −

1

1 + γ

[
(1− δ)kt+i +

(
α

w∗
t

) α
1−α

(At+i)
1

1−α kt+i − ct+i

]}
.

Taking the partial derivatives with respect to w∗
t , we obtain

Et

∞∑

i=0

β̃i

[
θkt+i (ηAt+i)

1/(1−α) (w∗
t )

−2+α
1−α

(1− α)(1− nt+i)

]
+

Et

∞∑

i=0

[
−αβ̃i+1λt+i+1 (α)

α/(1−α)

(1 + γ)(1− α)
(At+i)

1/(1−α)

w∗−1/(1−α)

t kt+i

]
= 0

By re-organizing while using the assumption EtAt+i = At, the above equation
can further be written as

Et

∞∑

i=0

β̃i

[
θkt+i (η)

1/(1−α)

(1− nt+i)

]
= Et

∞∑

i=0

β̃i
α1/(1−α)β̃λt+i+1

(1 + γ)
w∗
t kt+i. (33)

From (30) and the assumption EtAt+i = At, we find that Etkt+i (η)
1/(1−α)

can also be expressed as (w∗
t /At)

1/(1−α)Etnt+i. This implies that (33) can be
written as

w∗
t =

(w∗
t /At)

1/(1−α)Et

∑∞
i=0 β̃

i nt+i
1−nt+i

Et

∑∞
i=0 β̃

i
[
α1/(1−α) β̃λt+i+1

(1+γ)
kt+i

] . (34)

Next, take the partial derivatives with respect to kt+i :

−θ (ηAt+i/w
∗
t )

1/(1−α)

1− nt+i
+
β̃Etλt+i+1

1 + γ

[
(1− δ) + (α/w∗

t )
α/(1−α) (At+i)

1/(1−α)
]
= 0.

This allows us to obtain

β̃Etλt+i+1

1 + γ
kt+i =

θ (ηAt+i/w
∗
t )

1/(1−α) kt+i

(1− nt+i)
[
(1− δ) + (α/w∗

t )
α/(1−α) (At+i)

1/(1−α)
] (35)
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Again using equation (30) and the assumption EtAt+i = At, we find from
(35) that

Et

[
β̃λt+i+1

(1 + γ)
kt+i

]
=

θ

(1− δ) + (α/w∗
t )
α/(1−α) (At)

1/(1−α)
Et

[
nt+i

1− nt+i

]
. (36)

Substituting (36) into (34), we obtain

w∗
t =

(w∗
t /At)

1/(1−α)Et

∑∞
i=0 β̃

i nt+i
1−nt+i

θα1/(1−α)

(1−δ)+(α/w∗

t )
α/(1−α)(At)

1/(1−α)Et

∑∞
i=0 β̃

i nt+i
1−nt+i

=
1

θα1/(1−α)
(w∗

t /At)
1/(1−α)[(1− δ) + (α/w∗

t )
α/(1−α) (At)

1/(1−α)].

Solving this nonlinear function for w∗
t , we obtain (8) as expressed in Propo-

sition 1.

6.2 Appendix II: Adaptive Optimization and Consump-
tion Decision

For the problem (18) - (20), we define the Lagrangian:

L = Et

{[
log cdt + θ log(1− nt)

]
+

λt+1

[
kst+1 −

1

1 + γ

[
(1− δ)kst + f(kst , nt, At)− cdt

]]}
+

Et

{
∞∑

i=1

βi
[
log(cdt+i) + θ log(1− nst+i)

]
+

βiλt+i+1

[
kst+1+i −

1

1 + γ

[
(1− δ)kst+i + f(kst+i, n

s
t+i, At+i)− cdt+i

]]}
.

Since the decision is only about cdt , we thus take the partial derivatives of
L with respect to cdt , k

s
t+1 and λt+1. This gives us the following first-order

condition:

1

cdt
−

λt
1 + γ

= 0, (37)

β

1 + γ
Et

{
λt+1

[
(1− δ) + (1− α)At+1

(
kst+1

)−α (
nst+1N̄/0.3

)α]}
= λt, (38)

kst+1 =
1

1 + γ

[
(1− δ)kst + At(k

s
t )

1−α
(
ntN̄/0.3

)α
− cdt

]
. (39)
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Recall that in deriving the decision rules as expressed in (23) and (24) we
have postulated

λt+1 = Hkst+1 +QAt+1 + h, (40)

nst+1 = G21k
s
t+1 +G22At+1 + g2, (41)

where H,Q, h,G21, G22 and g2 have all been resolved previously in the house-
hold optimization program. We therefore obtain from (40) and (41)

Etλt+1 = Hkst+1 +Q(a0 + a1At) + h, (42)

Etn
s
t+1 = G2k

s
t+1 +D2(a0 + a1At) + g2. (43)

Our next step is to linearize (37) - (39) around the steady states. Suppose
they can be written as

Fc1ct + Fc2λt + fc = 0, (44)

Fk1Etλt+1 + Fk2EtAt+1 + Fk3k
s
t+1 + Fk4Etn

s
t+1 + fk = λt, (45)

kst+1 = Akt +WAt + C1c
d
t + C2nt + b. (46)

Expressing Etλt+1, Etn
s
t+1 and EtAt+1 in terms of (42), (43) and a0 + a1At

respectively, we obtain from (45)

κ1k
s
t+1 + κ2At + κ0 = λt, (47)

where, in particular,

κ0 = Fk1(Qa0 + h) + Fk2a0 + Fk4(G22a0 + g2) + fk,

κ1 = Fk1H + Fk3 + Fk4G21,

κ2 = Fk1Qa1 + Fk2a1 + Fk4G22a1.

Using (44) to express λt in (47), we further obtain

κ1k
s
t+1 + κ2At + κ0 = −

Fc1
Fc2

cdt −
fc
Fc2

, (48)

which is equivalent to

kst+1 = −
κ2

κ1

At −
Fc1
Fc2κ1

cdt −
κ0

κ1

−
fc

Fc2κ1

. (49)

Comparing the right side of (46) and (49) will allow us to solve cdt as

cdt = −

(
Fc1
Fc2κ1

+ C1

)−1 [
Akt +

(
κ2

κ1

+W

)
At + C2nt +

(
b+

κ0

κ1

+
fc

Fc2κ1

)]
.
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6.3 Appendix III: The Firm’s Demand for Labor (Propo-
sition 2)

Let us first consider the firm’s willingness to supply y∗t under the condition
that the rental rate of capital rt clears the capital market while the wage rate
wt is given. In this case, the firm’s optimization problem can be expressed
as

max y∗t − rtk
d
t − wtN

d
t

subject to

y∗t = At

(
kdt
)1−α (

Nd
t

)α
.

The first-order condition tells us that

(1− α)At

(
kdt
)−α (

Nd
t

)α
= rt, (50)

αAt

(
kdt
)1−α (

Nd
t

)α−1
= wt, (51)

from which we can further obtain

rt
wt

=

(
1− α

α

)
Nd
t

kdt
. (52)

Since the rental rate of capital rt is assumed to clear the capital market,
we can thus replace kdt in the above equations by kt. Since wt is given, and
therefore the demand for labor can be derived from (51):

ndt =
0.3

N̄

(
αAt

wt

) 1
1−α

kt

Note that we have used the definition Nt = nt(N̄/0.3) to express ndt in the
above equation. We shall regard this labor demand as the desired demand
on the basis that the firm’s willingness supply y∗t can be executed (or ŷt >
y∗t ). This is indeed the second equation in (28). Given this ndt , the firm’s
willingness to supply y∗t can be expressed as

y∗t = Atk
1−α
t (ndtN/0.3)α

= Atkt

(
αAt

wt

) α
1−α

. (53)

Next, we consider the case that the firm’s supply is constrained by the
expected demand ŷt, or in other words, ŷt < y∗t where y∗t is given by (53). In
this case, the firm’s profit maximization problem is equivalent to the following
minimization problem:

min rtk
d
t + wtN

d
t
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subject to

ŷt = At

(
kdt
)1−α (

Nd
t

)α
. (54)

The first-order condition will still allow us to obtain (52). Using equation
(54) and (52), we obtain the demand for capital kdt and labor Nd

t as

kdt =

(
ŷt
At

)[(
wt

rt

)(
1− α

α

)]α
; (55)

Nd
t =

(
ŷt
At

)[(
wt

rt

)(
α

1− α

)]1−α

. (56)

Since the real rental of capital rt will clear the capital market, we can replace
kdt in (55) by kt. Substituting it into (56) for explaining rt, we obtain

ndt =

(
0.3

N

)(
ŷt
At

)1/α(
1

kt

)(1−α)/α

.

This is the first equation in (28).
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