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Abstract

This paper derives and draws on simple formulae for the upper and lower bounds to
the value of a series of risky cash flows in order to provide some instructive insights into
the impact of taxation on these bounds.

The formulae are based on no-arbitrage conditions in a setting that is a straightforward
extension of the&Cox, Ross AND RUBINSTEIN [2] option-pricing model to an incom-

plete market model and look exactly like the popuByRDON growth formula.

Although based on stylized facts concerning the tax scheme the results promise to be a

reliable guide for further research in this field.
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1 Introduction

It is really astonishing that so many financial analysts hang on to the practice of pinning
down the value of a business sharply to one point. They should know for better that this
practice requires undue restrictions as for example assuming complete markets or that the
ToBIN-separation holds although it is an empirical fact that is does not.

This paper avoids the above mentioned problem adding the least possible complexity by
reference to an incomplete market model that is a straightforward extension Giothe

RoOss AND RUBINSTEIN [2] option-pricing model. Within this setting the upper and lower
bounds to the enterprise value implied by no-arbitrage conditions simply focus on the best-
case and the worst-case scenario, respectively, and convexity becomes a crucial determinant
for the impact of taxation. To be more precise: What counts is how the enterprise cash flows
behave relative to the price of some exchange-traded reference asset in the best and in the
worst case, respectively. If in principal it makes no difference as to this behavior whether
you are in the best or the worst of all worlds, that is to say if the payoff characteristic is
convex or concave in any of these worlds, the upper and lower bound always move to the
same direction as long as you switch between symnfasicschemes. This does not hold

however for asymmetric tax schemes.

2 The one-period case

Let Q = {1, un, w3, w4} be the probability set and

( gt”O-CtO if w=w
pG, If w=uwp
Cu(w) =] o ! ®
O, G, If w=uw3

bl- G, if w=on

\

1 This is really bad because you can miss the value to a specific investor by far if this investor’s portfolio is
significantly different from the reference portfolio your calculations are based on. As a raMieeLMm
[5] has proposed to value uncertain cash-flows as good as possible by replication with traded assets so that
only the residuum remains susceptible to undue restrictions of investor-specific preferences and endowments.
2 This means that short positions and long positions induce exactly the same tax payments in absolute terms.



with (‘b’ stands for ‘bad’ and ‘g’ stands for ‘good’ )
by < gy (me{d,u}) 2)
be the payoff characteristic of the enterprise to be valued. Further let

Sy (W) = Uy - S, if we {0, an}
S,(w) =5, forme Q
AN
S, (W) =dy, - S, if we {0z, 04}

be the price movement of some exchange traded risky asset which together with some money

market fund certificate (MMF) with market prices
Bty By, : = Bro(1+ 1) (3)

are the only exchange-traded instruments the enterprise value shall réfer to.

2.1 Lower Bound

FromCox, ROsSs AND RUBINSTEIN [2] it is well known that portfolio

R
Xtg - = B
X
btuo_b?o Cﬁ
— u'[o_dt% SO
—big o +big U Gy
Ug—Cy By
Iotj04390 Gy
1 0 l:‘to_dto So
= O dtoulo bto 7%
By, By oo o
o1 Utg—Cy Brg

8 This confinement is for the sake of simplicity only.



comprising a number oﬁo risky assets anxfé money market fund certificates (MMF) gen-

erates cash flows

u if
AL () — bz) G I w € {wy,wp} %
b, G, if we {ws,wa}.

Regarding the definitions

1+rto—dto
= 5
Iy 5)
b_to3:bt%'%+b%'(1—%)—1 (6)
and
§o3:9t%'%+9%'(1—%)—1 (7)

the market price of this portfolio & might be written as

U _ pd 1 —bf d+ bl
Pto<Xto>:<E"tz_Zttz+Bt_lBt . b dZ‘ )qo

—1p p-1
1 (b[%Bto By, dto+b%uto By, Btl>ct0

- Btngtl Uto — dto Uto — d'[o

1
g (BB (1-a)) G
_ by
- 1-|—I't0

Co-

From (2) and (4) it follows that buying the enterprise i.e. cash @gvat pricell, (C, ) while

at the same time short selling portfokg will payoff

G, (w) + R, (—Xg,) (w) > Ofor eachw e Q
at timet; and thus would be an arbitrage opportunity if

My (Cy) + Ry (—Xt,) <O.



Hence in the absence of any impediment to trade such as transaction costs or taxes the enter-

prise must have a price

rlto(ctl) > _Pto(_xto) = Pto(xto>

in order to prevent arbitrage.
Nevertheless there might be other arbitrage opportunities. To preclude any such arbitrage op-
portunity N, (G, ) must be higher than th@ost expensivportfolio with a cash flow that is
weakly dominated by payoff characteristic (1). In what follows we will use linear program-
ming to show that portfolia, is the most expensive weakly dominated portfolio indeed, and
thus the lower bound to the enterprise value is

1+ by
1+

\_/to (Ctl) = Pto (Xto) = QO'

Taking the MMF certificates as a numeraire the objective is

B 1
zp:=x2+x>-B 1§, — max !

and the constraints for this portfolio to be weakly dominated by (1) are

X+ X% - U Byt Sy < ot Bt G
Xo + X% U Byt S, < bt Bt Gy
Xt%"'XtSO'dto'Bt_ll'Sogg%'Bt_ll'qo
X+ %Gty Byt S, < b BTGy

Duality theory says that if there is a solution to the above program there is also one for the

following program

ZD:=Balcto(gt”o-q<oo1>+btg-q(wz)+gt%-q<ws>+b%-q<w4>)e mn ! (8)
q(q),--.,0(ws)>0



S.t.

q(o) +q(ux) +q(ws) +q(wg) =1
B, [So - Uty - (al(wr) +0(w2)) + Sy - thy - (Aw3) +a(wa))] = Byt S,

with exactly the same objective value. In combination with (3) and (5) the two constraints

are equivalent to

(o) +q(we) = o
q(ws) +aq(ws) = 1—

so that (8) simplifies to

Btzlcto((gt%—bt%)'Q(w1)+bt%'%+(g%—b%)-q(w3)+b%-(l—qt0))—> min |
q(e),0(w3) >0

Regarding that (2) implies
0<gy—by (me{du}) 9)
it becomes obvious that both objective functions have optimal value
zb =2 = (1+ by, ) By, 'Crp = By, Pl (%)

and thatx, is the most expensive weakly dominated portfolio indeed. Moreover it shows
thatﬁo andgy, might be interpreted as expected worst-case and best-case growth rates under
measureS designed to make the price of the exchange-traded risky asset measured in units

of the numeraire a martingale. They will be referred tpssudo growth rates

G = Es (G 'Ci|F) =1 (ce{b,g}).



in what follows?#

2.2 Upper Bound

The line of reasoning that leads to the upper bound rests on difference arbitrage: If portfo-
lio yy, with payoff R, (yt,) at timet; weakly dominates the cash flol, generated by the

enterprise at timg that is if
P, (Vi) () > Ci, (w) for eachw € Q,

a potential buyer would rather buy this portfolio than the enterprise if attgnt@ould cost

no more than the enterprise that is if

Pto(yto) < nto(Ctl) .

Assume thay;, is thecheapestiominating portfolio then its pricg,(yt,) marks the upper
boundVy, (G, ) to the price of a business with payd .

Proceeding exactly as above leads to the conclusioryghastthe portfolio with cash flows

Oy G If we {w,wn}

(10)
g%'(:to if we {('037(04}

Ctl (w) =

4 One obvious implication of our central result is that if the lower of the two possible cash flows generated by
the enterprise contingent on the asset price and the asset price itself are perfectly correlated, that is if

by b
U Cho
we get
b{jocto
XtO == dIOSO
0
and the lower bounds simplifies to
_bfCo .

Vi, (Gy) +Co-

_d'[oso 0_d'[



and composition

%
yto .= B
yto

g{:)—g{jo Cﬁ
— Uip—Chy S
7g'[u0dto+gtdou[0 %
Uo—Cy By
g[uo_ggo Cto
1 0 Uiy —Chy S
= Chg Uty %%
O Bt718t dlo uto o
ot Utg—Chy Brg
From this we get
_ 1+ g
Vto (Ctl) = I:{o(yto) = 1+ rtzcto

for the upper bound to the enterprise value.

Summary 2.1 The upper and lower bounds may be derived by referring to the best- and

worst-case scenarios and valuing them as if the market were complete.

3 The multi-period case

The n-period case is a straightforward extension of the one-period casewndt =
{wn, ap, wg, w4 }" and the portfolios,, yi, being replaced by trading strateg(exg)ir‘z‘ol, (Yt )i“:‘o1

that have to be determined recursively as follows: Let

PP = Ry (% () ()
= Xt?((*)) 'Sti((*)) +Xt?((‘0> ’ Bti forwe Sti_l(m' Sifl) = {(‘0|Si (00) =m- Sifl}

be a short cut for the price of portfolixy, you need at timé in order to replicaté:a(w) at

timet, depending on the price mowe of the exchange-traded risky asset from tifng to



ti. By analogy to the one-period case we know that

S
thfl

B
X1
u d b
b[nfl_btnfl C[nfl
" leIn—lfdtr}j—l Snfl b
7btn—1d[nfl+btn71utnfl Ctnfl

Xtp_q - =

Uty_y =y Btn
1 0 btjnfl_(lfnfl 2?171
Ut _
_ . bgnfl bt“ml n-1 (11)
O n—lutnfl n—-1_ 'n-1 b
B'[:ilBtn G 1 U1 “tho1

thn—l_dtnfl B[nfl

has market price

. L:Fl B dnfl 1 _btunfldln—l + baflutn—l b
Ptnfl(xtn—1> - + -1 Ctn,l
Ut 1 — d'[nfl B[n—l B[n Uty 1 — d'[nfl
1+ t:_)tn, b
-,
1 + r.tn—l

at timet,_1. Hence, if the short term interest rate evolves deterministically the numbers of

risky assets and MMF certificates needed at tigne are

th,z _ Pt?i — Pt?i
3 (Utn72 - dtnfz) ’ Snfz
. 1+ b_tnfl l:Fz - bafz Cltr)wfz
a 1+ Mo_1 Uty o — dtn—z Sn—2

and
B PIE:?—T - XtSn—Z -m- San
X2 = B,
n—1
_ 1+ b_tnflﬁ ( m _m. b[uH B ?12)
1414, By "2 Uty — Gy,
b

— n—2 b
_ 1+b,, i U, &, W, Ctnfz
1+ My 1 Bt;E.z Bln,1 Uty » — d‘[n72 Btn—z

(me {d,u})
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or equivalently

u _pd b
btn72 n—2 C[n72

X = 1+by, , bLtc'itn;zfsgnfzz S
ERRL Gy 5 5 B s Ty Cou s
1_th72 utn—z_dtn—z Btn—z
Further recursion leads to
_ btun—i _b?n—i Ctl;—i
1 14b, B Gy Sy
_ J 0
th_i - ) I—I 1+r b{jnii _h b (12)
j=n—i+1 tj Gty Ui B Ui Gt
Tre Uy =Gy By
and
Pt (X ) _ "t 1+ b[i b[li—i B bgwfi + 1 _btl:pi dtn—i + ba,i Ut, Ctb
Si Ktni) = — n-i
" " j:n7|+1 1+ rtJ utn*i - dtnfi Btn}i Btﬂ—i+l utnfi - dtn,i
B P
il Ty

Rearranging terms according to

~ 1 14b,
Bt;}iptn—i(xtn_i): Bro- ‘I‘btJ (

-1 -1
BtnfiB[nfiH j=n—i+1 Blj Btj+1

- b, b,d
- Btn—1i+l (Ptn—uH-l Ot I:)"-n—i+l ) (1 — Oty ))

btlfH Ot + bg,i ' (1 - qln-i)) Cln—i

reveals that the market price of portfolg, ; is a martingale if measured in units of MMF
certificates. Thus, rebalancing this portfolio from time to time must be self finadcing.

Hence, regarding the identity

we finally arrive at

5 Cf. HARRISON AND KREPS[4].
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and

114G,
= 1+ ftj

\_/to (Ctk) = Clo )

respectively, by substituting the short rates for future periods with the respective forward

rates
fy := f(to,ti,tira) = r(ti,tia) =1y

implied by the term structure of interest ratetgrf
If predictability beyond time; is limited so that it does not make sense to be too specific

about the scenario from that time on the following assumptions seem adequate
m_em o
by, = b™forallj > i
and
U -dt]. =1forallj >i.

The growth factoray; andd;; then can be traced back to the implied volatilgyof the

exchange-traded asset according to
w, =€ forallj>i.
Adding the assumption of a constant spot rratleat is

BBy, =1+r forallj>i

6 1t is well known sinceCox, INGERSOLL, AND Ross[1] that future spot rates must be equal to implied
forward rates to preclude arbitrage if the interest rate evolves deterministically.
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we get

1+r)-e9—-1 .
-L forallj >i+1

1—|-fth 1+r
and
Vi () = 111?: G .
Given the definition
0xy): =1

andb # r the upper and lower bounds to the value aiegiesof cash flows(C, )K_, at times

t1,... t are
i

v (1) = (3 [0 B ) 0060 £ (18601 )

and

\_/to ((Ch)l(:l) = (;Zt)gliLe(gtg’ ftg + I_Le g'[m fth) 1+3 (1 e(g’ ) )) Cto.

7 Itis well known that

n n . n-1 . n .
o1 1 0 6t y6-756 >6-36 1 g
. 2V 72 20 T2
o Zel Co g1 .ZGIZQO' o1 ~Co it ~%giog
1=
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For fi, =r andc, =c(g=0,...,k—1;ce {b,g}) the above formulae simplify to

Vi, ((G)I) = % (1-6(b.0) ),
and

Vi ((CE) = 2 (1-8@04) G
For

c—cd 14r—cd

c<r
ST 0—d S1vr—d

(ce {b,g})

the limits for an infinite series of cash flows are

Vi ((Cti)g(:l) = ig (1_ lim e(ar)k) Go

limV
r— k— o0

k— 00
1+b

T r_po
and
- k) 149
lim Vi, ((Cti>i:1> = rTg—C‘O'

(13)

The right hand sides of the above formulae perfectly resemble the structure of the so called

GORDON® growth formula.

4 The impact of taxes

We will analyze the impact of three tax schene®e {Gl, 1,17} using stylized facts to gain

some useful insights without adding too much complexity. The tax taggsplicable at time

t; are the same for any kind of incomleTax scheme&| and| require taxes on realized

and unrealized gains with MMF certificates to be paid immediately and grant immediate

8 Cf. GorDON[3].
9 So they also apply to the cash flo®s
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payments on realized and unrealized losses with MMF certificates ('I' standsferest).

Tax schemeGl treats realized and unrealized gains and losses with stocks (‘G’ stands for
‘Capital Gain’) the same way as tax schem@&s and| treat gains and losses with MMF
certificates. Tax schem&al andl are symmetric in the sense that short positions and long

positions induce exactly the same tax payments in absolute terms. Thus, given the definition

STS
WTS: _ Xy

LI BTS
X

the fundamental equation
VIS= —Ry(—xI9 =R, (S (TSe {GLI})

still holds. This is not true for tax schenhe that is inspired by non deductability of interest
paid and therefore subjects only long positions in MMF certificates to taxation. Given the
definition

tax .
I

(1_tti+1)rti
= (1_tti+l> fti = fttiax

by analogy to a world without taxes we get

XtSGI _ (1—1,)( uml - (171) (:ttr)w—l
i U,y — (utn—l - 1)tn - (d[n—l - (d[n—l - 1)tn) sn—l
btu _ pd Ctb
N U, , — dtnfl sn—l

=%, (14)

and

s _ (1-t)(bh, —bd )C
U, — dtn—l Sn—1

= (1-t)%, (15)
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for the number of risky assets needed at timg. Hence, again by analogy the required

numbers of MMF certificates may be derived from the residual according to

KBO! _ (1-t,)b" CP | s m=(m=-1ty)-§, ,
i Btn (B[n Btn—l)ttn
_ (1_ttn>Btn B ttn S
T A t)B By (L=t By By,
¢
= XE:,]_ - n (XE:,;LBtnfl + thn,j_snfl) (16)

(1 - ttn) Btn + ttn B[nfl

and

Bl ( ttn) C:t ( _ttn)xtn 1 -m- sn 1
%

"t Btn (Btn Btn—l)ttn

_ Btn . B
- (1_ttn)Btn+ttnBtn,1 (1 ttn)xtn—l

-1
B,
S
(1 - ttn) Btn_l B[n + ttn

1+ -1 B
= "= (1-t, . 17

Given the definitions

I let| dtl

b : = b + o (b} —bf!) — 1

the market prices of portfolios®  andx{ . attimet,_; are

Gl ttnBtn—l
Poi(Xc ) =R (Xt ) <l_ (1—ttn)Btn+tt“Bt”—1)

B (1—ttn)Bt;}1Bt”
= Ptn_l(xtn—l) ((1—ttn)BtnllBtn +ttn>

141,
= 1+ rtax1 (1 - ttn)Ptn—l (th—1> (18)

th-1
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and

R (XI )=(1-t) L:Fl _ (:‘*1 + 1 _b[L:pldtnfl + btci,lu[n,l C[b
n—1\"Mp_1 n utn—l — d'[n71 1—|— r%r?—xl utn71 _ dtn71 n—1

1+btn 1 1+rtn 1
 Lby 14

_ 1+ t_)%r?j(l Gl
- 1+ btn,l Ptn—l(xtn_l) . (19)

(1 - ttn)Ptn—l (th71>

Calculating backwards in the same manner as in the absence of taxes in combination with

the definitions

C[tiax: =([1-t)G
1+ f,
1+ fttjax
e
P 14h,
Atax
1+ %j
1+ O,

aj .=

v =

finally leads to the following expressions for the lower and upper bounds in the multi-period

case

k—1

Vo tax [3 \_/CO%I C;[:\x _ GB Vo Cgax
t I‘LH( )= J]:Lut( )
k—1

Vto ) I_LVJ VtCo;I (&) = I_L Vi Vi, (G -

jf

Notice thatfttjax < f; has two instructive implications: Firstly, it implieg® < q; which

again implies the equivalence

s edsd (ce{bg})
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and thus

d
Bjs 1l byshy
sleg sg

Secondly, as can be seen from

1+b{
l+ftfjax
Ltby
1+ftj
bt”j*b{jur 1 Pk +bfuy
LR Uy —dy
d d
btui‘btur 1 ‘btujd‘ﬁbtj“*j
bl b%’
bﬂ-*bﬂ- Utdt Tj Ut]
Ut —Ch; 1+f{JaXut —
B oo (20)
b[uj_btd Ut; BTJ UtJ
Ut —Ck; +1+ft] Ut; —Ch;

ajBj =

in combination with the fact that neither the nominator nor the denominator of (20) can get

negative, it implies

bl bt
o -<1<:>_J<_]
JBJ> dtj>ut1
and
ayz10 %%
iYj U,

Thus, if the payoff characteristic is convex for any trading interval up toat is if

d
% G for eachi € {0,...,k—1},ce {b,g}
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we get
Vig (G&) < Vi (G) < Vg5 (G (21)

and
Vi (G < Vi (G < Vi (G . (22)

The first relation of these orders derives from the fact that stratégliie)%; c} and (yti)!‘:‘(}

require long positions in stocks and short positions in MMF certificates at all tnfebe

payoff characteristic is convex for djl So tax schemé reduces the financing cost of the

long position in stocks compared to the absence of any taxation of exchange-traded assets.
The second relation of these orders results from the comparably larger number of stocks
necessary under tax sche@éthat overrules the effect of reduced financing costs.

If the payoff characteristic were concave constantly over time we would get

Vio (G) < Vi (G) < Vg5 (G) (23)
Vio (GF) < Vi, (GF) < Vi (G2 (24)
if
c{f%<c§'<b¢i’foreachie{O,...,k—l,},ce{b,g} (25)
and
Vi (G) < Vi (G) < Vi (G) (26)
Vip (G < Vi (G) < V4, (G2 (27)

¢t < ¢ for eachi € {0,....k—1},c € {b,g}. (28)
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Compared to (21) and (22) the orders (23) and (24) derive from the fact that (25) requires
long positions in stocks and MMF certificates so that the taxation of MMF certificates, i.e.
interest, does not reduce financing cost but interest revenue and, thus, means increased fund-
ing. If (28) holds, then strategle{xt,) and(ytl) 1 allow for short positions in stocks so

that tax schem&l leads to an increased volume of short sales compared to tax s¢theme
This explains the difference between the orders (26), (27) and (23), (24).

Under tax schemg" we have to look at strategiefgsxt.)!‘jl and(yti)!‘_*l As is revealed by

(12), in the absence of taxes the implementation of trading strategy){, ! requires a long

position in MMF certificates at timg if and only if b" <4 i

whereas the implementation of
trading strategyys )i ! requires a long position in MMF certlflcates at titné and only if

u d

% < %. Thus, given the definition

. Lc
1if F<t
1= 4 ~ % (ce{bg})

0 otherwise

we get

<
X
[EEY

5

(G2 (0‘ B;)* 'Vto (o)

x
SN—
I

(JBJ) JI:L(O(JBJ) Vi, ()

Il
B

(0‘ Bi) v, (6

T
(I

— |t 9__
Vio (G0 =[] (@ivi) " Vi (G

I
TO:|

T
[EEY

7 (i) (69

|
1:

Regarding

o, [
< "
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and

we get to the following conclusions: If the payoff characteristic is convex fof;,alhen
strategy(—xti) 1is ashort stock - long MMF strateggnd strateg)(yt,) 1is along stock -
short MMF strategy Thus,

Vi, (CG2) = Vi, (G) <V, (G) <VE' (G
and

Vi (Cf) < Vi (67) =V (0 <V (6.

If the payoff characteristic is concave constantly over time we get

Vi (G2 = Vi, (G2 <V, (G2 < VE' ()
Vi (G) < V' (C) <V, (Ci) =V, (G2

udt

<q < ¢ foreachi € {0,...,k—1},ce {b,g}

because strateg(th,) 1is ashort stock - short MMF strateggnd strateg;(yt,) O is a
long stock - long MMF strateggnd

Vip (G) =V, (G < VG (G) < V4, (G
Vi (G) < Vi (G) = Vi, (G2) =V, (G
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¢t < ¢ foreachi € {0,...,k— 1}, c€ {b,g}

because strateg(y—xti)!‘;o1 is along stock - short MMF strateggnd strateg)(yti)t(;L is a

short stock - long MMF strategy

5 Summary

We have developed a simple yet robust approach to determine a range of no-arbitrage prices
for an enterprise. The approach is simple and easy to implement because, firstly, its formal
structure is an obvious generalization of the so caBstRDON growth formula and, sec-

ondly, the required inputs are readily observable interest rate curves and volatilities as much
as market data is concerned. The approach is robust as it is based on pure no-arbitrage con-
ditions.

It is shown that under such conditions convexity is a crucial determinant for the impact of
taxation. What counts is how the enterprise cash flows behave relative to the price of some
exchange-traded reference asset in the best and in the worst of all possible worlds, respec-
tively. If in principal there is no difference between these scenarios as to this behavior the
upper and lower bound always move to the same direction as long as you switch between
symmetrié® tax schemes. This does not hold however for asymmetric tax schemes.

Although based on stylized facts concerning the tax scheme these results seem to have a

potential for guiding further research in this field.

10This means that short positions and long positions induce exactly the same tax payments in absolute terms.
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