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Abstract

We presume a simple endogenous growth model where global warming affects economic growth
and analyze the dynamics of the competitive economy and of the social optimum. Our regulatory
instrument is an emission tax rate. We demonstrate that for certain values of the emission tax ratio the
competitive economy exhibits multiple equilibria and a threshold may exist that separates the domains
of attraction for the growth paths. There exist paths to high growth rates and low temperature and
low growth rates and high temperature. For the planner’s problem the long-run equilibrium is unique
unless the damage of global warming is very small.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

According to the Intergovernmental Panel on Climate Change (IPCC) it is certain that
the global average surface temperature of the earth has increased since 1861. Over the 20th
century the temperature has increased by aboui@.&nd it is very likely that the 1990s

* Corresponding author. Tel.: +49 521 106 4859; fax: +49 521 106 89005.
E-mail addressagreiner@wiwi.uni-bielefeld.de (A. Greiner).
1 Very likely (likely) means that the level of confidence is between 90 and 99 (66 and 90) percent.
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was the warmest decade since 18®10C, 2001 26). Further, the rise in the average global
surface temperature has been accompanied by an increase in heavy and extreme weather
events, primarily in the Northern Hemisphérm general, changes in the climate may occur

as a result of both internal variability within the climate system and as a result of external
factors where the latter can be natural or anthropogenic. However, there is strong evidence
that most of the climate change observed over the last 50 years is the result of human
activities. Especially, the emission of greenhouse gases (GHGSs), like carbon dioxigle (CO

or methane (Ch)) just to mention two, are considered as the cause for global warming and
these emissions continue to alter the atmosphere in ways that are expected to affect the
climate.

In the economics literature, the effect of global warming is modelled mostly using in-
tegrated assessment models. These are computable general equilibrium models in which
stylized climatic interrelations are taken into account by a climate subsystem incorporated
in the model. Examples for this type of models are CETA ®eek and Teisberg, 1992
FUND (seeTol, 1999, RICE and DICE (se&lordhaus and Boyer, 20DONIAGEM (see
Kemfert, 200} or DART (seeDeke et al., 2001l The goal of these studies, then, is to
evaluate different abatement scenarios as to economic welfare and as to their effects on
GHG emissions.In analyzing implications of climate policies these models often neglect
transition dynamics; instead it is assumed that the economy is in some steady state. Further,
the growth rate of the economy is taken as exogenously given, and feedback effects of lower
GHG concentrations in the atmosphere on economic growth are frequently neglected.

There is another important research direction, undertaken by scientists, that studies the
impact of greenhouse gas emissions on climate change through the change of ocean circula-
tions and that can also be related to our study. The papddsbigsch et al. (200ndKeller
et al. (2000)for example, describe how the gulf stream and the North Atlantic current, part
of the North Atlantic thermohaline circulation (THC), transport a large amount of heat from
warm regions to Europe. As those papers show, due to the heating up of surface water, the
currents could suddenly change and trigger a change in temperature. The THC collapse and
the sudden cooling of regions would most likely have a strong economic impact on Europe
and Africa. An event like this would have an impact on the climate in these regions and
would also likely affect economic growth. Further results on THC mechanisms are given
in Broecker (1997)In our modeling of the interaction of economic growth and climate
change, we will leave aside this possible event, although it might exacerbate some of the
results obtained in our paper.

The overall goal of our paper is different from the above studies. Our primary goal is
not to evaluate different abatement policies as to their welfare effects, as the first type of
studies do, nor modeling exacerbating events for global warming. We want to study, in
the context of a simple endogenous growth model, the long-run effects of the interaction of
global warming and economic growth and, in particular, the transitions dynamics that might
occur with global warming. More specifically, we want to study the question of whether

2 More climate changes are documentetHEC (2001, 34)

3 However, the results partly are very sensitive with respect to the assumptions made. See for Exmpple
(2003)who shows that the outcome Mordhaus and Boyer (200@hanges when technical change is taken into
account.
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there possibly exist multiple equilibria and thresholds that separate basins of attraction

for optimal paths to some long-run steady state. In order to study such a problem, we

take a basic endogenous growth model as the starting point and integrate a simple climate
model.

We should also like to point out some limitations of our model. We do not purport to
use an elaborate up-to-date model describing the process of global warming. Instead, we
confine our analysis to a basic energy balance model (EBM) that allows for feedback effects.
As to those feedback effects we posit that the albedo of the earth is affected by increases in
GHGs. Other possible feedback effects, such as a change in the flux ratio (see Hdotion
example, are neglected. We are aware that this limits in a way the relevance of our model.
However, the qualitative outcome and the message of our paper remain the same with our
simplified specification.

The remainder of the paper is organized as follows. In Se2tiomstart with a description
of facts concerning GHG emissions and changes in average surface temperature of the earth
using a simple energy balance model. Sec8dntroduces the competitive version of our
growth model. Inthis section we first present the structure of our model, analyze its dynamics
and, then, study the question of how robust these results are and perform some comparative
statics. Sectiod presents and analyzes the social planner’s problem, and SBcfioally,
concludes the paper.

2. GHG emissions and the change in average global surface temperature

We begin with a description of current state of the knowledge concerning GHG emissions
and the change in global average surface temperature. The simplest method of considering
the climate system of the earth is in terms of its global energy balance, which is done by
so-called energy balance models (EBM). According to an EBM the change in the average
surface temperature on earth is describet by

dT(r)
dr

ch=T(r)en = Sg — H(t) = Fn(),  T(0) = To, (1)

with T(t) the average global surface temperature measured in Relid)) ¢, the heat
capacity of the earth with dimension JMK~1 (Joule per square meter per Kelvin)
which is considered a constant parameSerjs the solar inputH(t) is the non-radiative
energy flow, and-N(t) =F 1 (t)—F | (t) is the difference between the outgoing radiative
flux and the incoming radiative fluge, H(t) andFy(t) have the dimension Watt per square
meter (W n12). tis the time argument which will be omitted in the following as long as no

4 This section followskoedel (2001, chapters 10.2.1 anatiiHenderson-Sellers and McGuffie (1987, chapters
1.4 and 2.4)See als@sassmann (19927 more complex presentation can be foundHiarvey (2000)

5 273K are 0C.

6 The heat capacity is the amount of heat that needs to be added per square meter of horizontal area to raise the
surface temperature of the reservoir by 1K.

T1Wis1Js.
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ambiguity can arise=1 follows the Stefan—Boltzmann—-Gesetz, which is
F 1= eorT?, (2)

with e the emissivity that gives the ratio of actual emission to blackbody emission. Black-
bodies are objects that emit the maximum amount of radiation and thatelaleFor
the earthe can be set te =0.95.07 is the Stefan—-Boltzmann constant that is given by
01=5.67x 108 Wm~—2K~4. Further, the flux ratid=1/F| is given byF4/F| =109/88.
The differenceSe — H can be written a§ — H=Q(1 — a1(T))/4, with Q=1367.5 W n12
the solar constanty1(T) the planetary albedo, determining how much of the incoming
energy is reflected to space.

According toHenderson-Sellers and McGuffie (198&#)d Schmitz (1991he albedo
a1(T) is a function that negatively depends on the temperature on earth. This holds because
deviations from the equilibrium average surface temperature have feedback effects that
affect the reflection of incoming energy. Examples of such feedback effects are the ice-
albedo feedback mechanism and the water vapour ‘greenhouse’ effedti€aeerson-
Sellers and McGuffie, 198 thapter 1.4). With higher temperatures a feedback mechanism
occurs, with the areas covered by snow and ice likely to be reduced. This implies that a
smaller amount of solar radiation is reflected when the temperature rises tending to increase
the temperature on earth further. Therefdtenderson and McGuffie (1987, chapter 2.4)
andSchmitz (1991, 194propose a function as shownhig. 1

Fig. 1shows 1— «1(T), that part of energy that is not reflected by earth. For the average
temperature smaller thanthe albedo is a constant, then the albedo declines linearly, so that
1— a1(T) rises until the temperature reacfigsrom which point on, the albedo is constant
again. Here, we should like to point out that other feedback effects may occur, such as a
change in the flux ratio of outgoing to incoming radiative flux for example. However, we
do not take into account these effects since the qualitative result would remain the same.

1-0,
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|
|
|
T, T
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Fig. 1. Albedo as a function of the temperature.
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Summarizing this discussion the EBM can be rewritten as

T(t)ch = %(1 — a1(T)) — 0.95(567 x 1078) <12019> T, T@O)=To. @3)

According toRoedel (2001)(1— a1(T)) =0.21 holds in equilibrium, fof” = 0, giving a
surface temperature of about 288 K which is aboutQ 5y, is the heat capacity of the earth.
Since most of the earth’s surface is covered by seawaiés, largely determined by the
oceans. Therefore, the heat capacity of the oceans is used as a proxy for that of the earth.
The numerical value of this paramétés ¢, =0.1497 Jm2 K1,

The effect of emitting GHGs is to raise the concentration of GHGs in the atmosphere,
increasing the greenhouse effect of the earth. This is done by calculating the so-called
radiative forcing, which is a measure of the influence a GHG, such aso€0H;, has on
changing the balance of incoming and outgoing energy in the earth—atmosphere system. The
dimension of the radiative forcing is WTA. For example, for C@the radiative forcing,
which we denote aB, is approximately given by

F=6.3 Inﬂ, 4)
Mo

with M the actual CQ@ concentrationM,, the pre-industrial C@concentration and In the
natural logarithm (seBPCC, 1996 52-53)° For other GHGs other formulas can be given
describing their respective radiative forcing and these values can be converteg in CO
equivalents. Incorporatin@) in (3) gives

T(t)ch = 1327‘5(1 — a1(T)) — 0.95(567 x 1079) (12019> T4
+(1-£)6.3In Mﬁo 7(0) = To. (5)

The parameter captures the fact that a certain part of the warmth generated by the green-
house effect is absorbed by the oceans which transport the heat from upper layers to the
deep sea. We sét=0.23.

The concentration of GHGHW!, finally, evolves according to the following differential
equation

M = B1E — uM, M(0) = Mo. (6)

E denotes emissions, andis the inverse of the atmospheric lifetime of €@\s to the
parametey, we assume a value pf=0.110 8, captures the fact that a certain part of GHG
emissions are taken up by oceans and do not enter the atmosphere. According to IPCC
B1=0.49 for the time period 1990-1999 for g@missions IPCC, 2001 39). Table 1

gives a survey of the parameters used in our EBM.

8 For more details concerning the calculation of this parameteHaeeey (2000)
9 The CQ concentration is given in parts per million (ppm).
10 The range of given by IPCC isu € (0.005,0.2), seéPCC (2001, 38)
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Table 1

Important parameters used in the EBM

Parameter Meaning Adopted value Unit

Ch Heat capacity 0.1497 JRK1

oT Stefan—Boltzmann constant 5.670°8 Wwm—2K-1

Q Solar constant 1367.5 W

& Part of temperature rise absorbed by oceans 0.23 Percentage
B1 Emissions absorbed by oceans 0.49 Percentage
I Inverse of atmospheric lifetime of GHG 0.1 Percentage

3. The competitive economy

In this section we present our economic framework. We start with the description of the
structure of our economy.

3.1. The structure of the economy

We consider an economy where one homogeneous good is produced. Further, the econ-
omy is represented by one individual with household production who maximizes a dis-
counted stream of utility arising from per capita consumptiontimes the number of
house-hold members subject to a budget constraint. As to the utility function we assume a
logarithmic functiond(C) =InC.

The individual’s budget constraint in per capita terms is givet by

YA-1)=K+C+A+1wEL '+ (+n)K, K(0)= Ko, (7)

with Y per capita productior per capita capitalA per capita abatement activities alad
aggregate emissions< (0,1) is the income tax rateg > 0 is the tax on emission aréds
the depreciation rate of capitélis labour, which grows at rate In our model formulation
abatement is a private god@The production function is given by

Y = BKYKY¥“D(T — To), (8)

with K per capita capitaly € (0,1) the capital share, alis a positive constanD(T — Tp)

is the damage due to deviations from the normal temper&igiend has the same func-
tional form adD(-). K gives positive externalities from capital resulting from spillovers. This
assumption implies that in equilibrium the private gross marginal returns to ¢apital
constant and equal tdBD(-), thus generating sustained per capita growBis sufficiently

large. This is the simplest endogenous growth model existing in the economics literature.
However, since we are not interested in explaining sustained per capita growth but in the

11 The per capita budget constraint is derived from the budget constraint with aggregate variables.

12 There exist some contributions which model abatement as a public good. See for ekaytiet and van

der Ploeg (1994)r Nielsen et al. (1995)

13 With gross return we mean the return to capital before tax and for the temperature equal to the pre-industrial
level.
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interrelation between global warming and economic growth, this model is sufficiently elab-
orate.

We should also like to point out that we only consider an emission tax and not other
environmental policies such as tradeable permits. We do this because we consider a repre-
sentative agent. We do not have multiple actors in our study who can trade permits. Therefore
we consider the emission tax as the regulatory instrument. However, we are aware that under
certain more realistic scenarios permits may be superior to taxation as an environmental
policy measure. Permits might become important, in particular when it is difficult to evalu-
ate marginal costs and benefits of abatement so that the effects of an environmental tax are
difficult to evaluate. In this case permits that limit the quantity of emissions are preféfable.

As concerns emissions of GHGs we assume that these are a by-product of capital used
in production and expressed in @@quivalents, so emissions are a function of per capita
capital relative to per capita abatement activities. This implies that a higher capital stock
goes along with higher emissions for a given level of abatement spending. This assumption
is frequently encountered in environmental economics (se&maglders, 19950r Hettich,

2000. It should also be mentioned that the emission of GHGs does not affect utility and
production directly but only indirectly by affecting the climate of the earth which leads to

a higher surface temperature and to more extreme weather situations. Formally, emissions
are described by

b= (o) o

with >0 anda> 0 constants. The parametercan be interpreted as a technology index
describing how polluting a given technology is. For large valuesadiven stock of capital

(and abatement) goes along with high emissions implying a relatively polluting technology
and vice versa.

The governmentin our economy is modelled very simply. The government’s taskisto cor-
rectthe market failure caused by the negative environmental exteri¥alihe revenue of the
governmentis used for non-productive uses, and it does not influence the utility of the house-
hold. This implies that government spending does not affect the consumption—investment
decision of the household.

The agent’s optimization problem can be written as

o

max [ e " Lo€'InCd, (10)

C.A Jo
subject to(7), (8) and(9). p in (10) is the subjective discount rate, ahglis labour supply
at timet=0 which we normalize to unity and which grows at constant raté should
be noted that in the competitive economy the agents neither take into account the negative
externality of capital, the emission of GHG, nor the positive externalities (i.e. the spillover
effects).

14 For an extensive treatment of permits and their implementation problems when used as regulatory instruments
to correct for market failure, seghichilnisky (2004)
15 How the government has to take into account the positive externality is studied in Skction
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To find the optimal solution we form the current-value HamiltoAfamhich is

H()=INC+ rx((L—1)BK*KY¥*D()— C— A — L Ya"KYA™Y
—(8 +n)K), (11)

with A1 the shadow price df. Note that we useE=a"KYA™",
The necessary optimality conditions are given by

dH () -1

V) 1= 12
5C C 1=0, (12)
H(-
0A

. T

= (p+0r— A1 ((1 — ©)BaD(-) — (i) yaVKVA*V) . (14)

In (14) we used that in equilibriunk = K holds. Further, the limiting transversality con-
dition lim,_, o, = (°*")1 K = 0 must hold.

Using (12) and(14) we can derive a differential equation giving the growth rate of per
capita consumption. This equation is obtained as

C
=0+ +all-7)BD() - yg—;aVKVA_V. (15)
Combining(13) and(9) yields

_ (FENTA) sy —yian)

Using (5) and(6) from Section2, with the numerical parameter values introduced and
the equations derived in this section the competitive economy is completely described by
the following differential equations:

13675
4

(1 — a1(T)) — 0.95(567 x 10°8) (21) T

T -
(D)en 109

+a-963nL. 7(0)= Tp, (17)
My

16 For an introduction to the optimality conditions of Pontryagin’s maximum principleFs@tinger and Hartl
(1986)or Seierstad and Sydsaeter (1987)
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Vo e V) sy ) _

M= ﬂl(ﬁ) a y —uM, M(0)= Mo, (18)
c _ YAty i

c= —(o+8)+a(l—1)BD(-) — V(LK) a % . (19)

K e \ 1/(1+7)
© = (=DBD(T —Tp) - (—)

T a?/AF7), =741 4 )

—% — (B +n), K(@)= Ko, (20)
whereC(0) can be chosen by society.
3.2. The dynamics of the competitive economy
First we define a balanced growth path or steady state.

Definition. A balanced growth path (BGP) is a path such that 0, = 0 andC/C =
K/K hold, withM > Mo.

This definition contains several aspects. First, we require that the temperature and the
GHG concentration must be constant along a BGP. This is a sustainability aspect. Second,
the growth rate of per capita consumption equals that of per capita capital and is constant.
Third, we only consider balanced growth paths with a GHG concentration that is larger
than or equal to the pre-industrial level. This requirement is made for reasons of realism.
Since the GHG concentration has been rising monotonically over the last decades, it is not
necessary to consider a situation with a declining GHG concentration.

To study the dynamics of our model we consider the ra£oC/K which is constant on
a BGP. Thus, our dynamic system is given by the following differential equations:

T@t) = (1327'5(1 — a1(T)) — 0.95(567 x 1079) <21> T4) it

109
+((1 g)e3|nM) ~1 T =T (21)
- . — | ¢ = 1o,
Mo h 0
' e \ T ), v
M=p(75) @) M M(0) = Mo, (22)

e )1/(1+y)

c=c ((n — o) —(1—a)(l—1)BD() + (—

T a?/ @)y =v/A+Y) 4 o) |

(23)

wherec(0) can again be chosen freely by society.
To study the dynamics of our model we resort to numerical simulation. We start with a
description of the parameter values we employ in our numerical analysis.
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We consider one time period to comprise one year. The discount rate isse0t03,
the population growth rate is assumed tae0.02, and the depreciation rate of capital is
8=0.075. The pre-industrial level of GHGs is normalized to one Klg=1) and we set
y=1.£& is set to£ =0.23 (see SectioR). The income tax rate is=0.15, and the capital
share isx=0.45. This value seems to be high. However, if capital is considered in a broad
sense meaning that it also comprises human capital, this value is reasdhabket to
B=0.35, implying that the social gross marginal return to capital is 35 perceftfdp.

As tote/LK we setrg/LK =0.001, andiis settoa=1.65x 10~4. tg/LK anda determine
the ratio of abatement per capital stock, which is giverAlly = (arg/LK)°-°. With these
valuesA/K takes the valug/K = 4.1x 10~4. For example, in Germany the ratio of abatement
spending to capital in 2000 was 9710~* (seelnstitut der deutschen Wirtschaft, 2003
Tables, 2.11 and 8.7). Below, we will analyze how different valuesrfdtK affect the
dynamics of our model. As concerns the damage fundiGhwe assume the function

D() = (aa(T — To2 + 1), (24)

with a3 >0,y > 0. As to the numerical values of the paramete(@#) we assume; = 0.04
andy =0.05. These values imply that a rise of the surface temperature by 3 (2, 1) degree(s)
implies a damage of 1.5 (0.7, 0.2) percent. The IPCC estimates that a doubling of GHGs,
which goes along with an increase of the global average surface temperature between 1.5
and 4.5°C, reduces world GDP by 1.5-2 percent (He€C, 1996 218), so that our choice
for the parameters seems justified.

As to the albedog(T), we use a function as shown KFig. 1L We approximate the
function shown irFig. 1 by a differentiable function. More concretely, we use the function

2 I1(T — 293
1—oi(T) =k <H> ArcTan ((2> + ko.

ki andk, are parameters that are setkio=5.6x 10~2 andk, =0.2135.Fig. 2 shows the
function (1— a1(T)) for these parameter values.

With (25) the pre-industrial average global surface temperature is about 287.8K
(for M=Mp) and 1—«(-) =0.2083. ForT — oo the expression 4 «1(-) converges to
1—«1(-)=0.2191 which corresponds to an increase of about 5 percent.

To get insight into our model we first note that on a BGP the GHG concentration and
the average global surface temperature are completely determined by the emission tax rate
7e/LK This holds because this ratio determines optimal abatement spendifi@yidahe
global surface temperature on the BGP, then, gives the ratio of consumption to capital and
the balanced growth ratg, Solving (22)=0 with respect taVl and inserting the result in
(21)=dT gives a function as shown Fig. 3.

One realizes that there are three solutions Tor @. Table 2gives the steady state values
for T* andc* and the balanced growth ratg,as well as the eigenvalues of the Jacobian
matrix corresponding t(21)(23).1

Table 2shows that the first and third long-run steady states (I and IIl) are saddle point
stable, while the second is unstable, with the exception of a one-dimensional stable manifold.

(25)

17 The* gives steady state values.
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Fig. 2. Albedo as a smooth function of the temperature.
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Fig. 3. Multiple steady states in the long-run.

Thus, there are two possible long-run steady states to which the economy can converge.
The first one implies a temperature increase of abouit @&id a balanced growth rate of
about 2.6 percent; the other BGP corresponds to a temperature increase of abantl6.2

a balanced growth rate of about 2.2 percent.dh (-) takes the value 0.2093 far =291.5

Table 2

Steady state values, balanced growth rate and eigenvalues for the competitive modellvidth 0.001
Steady state T c* g (percent) Eigenvalues

| 291.5 0.1697 2.6 —-4.99,0.17-0.1
1l 293.2 0.167 2.3 4.76,0.1640.1

1] 294 0.1657 2.2 —3.55,0.166-0.1
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and 0.2171 foll" = 294 showing that the quantitative decrease in the albedo does not have
to be large for the occurrence of multiple equilibria. Our result suggests that there exists
a threshold such that the initial conditions determine whether it is optimal to converge to
steady state | or Ill.

3.3. Robustness and comparative static results

The last section demonstrated that there may exist a threshold for the competitive econ-
omy that determines whether it is optimal to converge to the long-run equilibrium that
corresponds to a relatively small rise in the temperature or to the one with a large tempera-
ture increase. Here, we want to address the question of how robust this result is with respect
to the emission tax ratieg/LK. Further, we want to undertake some welfare considerations
for the economy on the BGP.

We should also like to point out that in the very long-run when fossil fuels will be
exhausted, the problem of global warming does not exist any longer. However, our approach
models an economy where fossil fuels are an important input factor in the production
process. Studying the model along the BGP, then, implies that the economy is successful
in stabilizing emissions at a constant but higher level and that the convergence speed is
sufficiently high. Of course, the BGP is only reachedtfer oo but, nevertheless, the BGP
may be a good approximation if the deviations from the BGP are only small.

Varying the emission tax ratg=/LK affects the position of theTdcurve inFig. 3, thus
determining the equilibrium temperature and, possibly, the number of equilibria. A rise in
7e/LK shifts the d curve downward and to the leftimplying a decrease of the temperature(s)
on the BGP. Further, for a sufficiently high valuemfLK only one equilibrium exists. For
example, raisingg/LK to g/LK=0.0011 gives a unique long-run BGP with a steady
state temperature of 291.8 K. This equilibrium is saddle point stable (two negative real
eigenvalues). Reducinge/LK to tg/LK=0.0008 also gives a unique BGP with a steady
state equilibrium temperature of 294.8 K. This equilibrium is also saddle point stable (two
negative real eigenvalues). This demonstrates that the government choice of the emission
tax ratio is crucial as concerns the long-run outcome. This holds for both the temperature
in equilibrium and for the dynamics of the system.

Presuming the uniqueness of the steady state, we can concentrate on welfare consider-
ations. We will limit our investigations to the model on the BGP although this can only be
an approximation. Welfare on the BGP is given by

o
J= / e (= In(c* K* &%) b, (26)
0

which shows that welfare in steady state positively depends on the consumptioe’ratio,

on the balanced growth ratg, which is determined endogenously, andonwhich we
normalize to one (i.e&K” = 1). From(19) and(23) one realizes thatg/LK has a negative

direct effect orc* and ong and a positive indirect effect by reducing the equilibrium surface
temperature which implies smaller damages. This suggests that there exists an inverted U-
shaped curve between the emission tax ratio and the growth rate and welfare. To see this
more clearly we calculate the balanced growth rate,and the average global surface
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temperature for different values of/LK and for different damage functions. The results
are shown inTable 2 As to the damage function we use the parameter values from the
last sectiona; =0.04,v =0.05, and, in additiorg; =0.03,v =0.03. Settingyy =0.03 and
¥ =0.03 implies that arise of the surface temperature by 3 (2, 1) degree(s) implies a damage
of 0.7 (0.3, 0.09) percent of world GDP.

First, we can see froffable 2that the balanced growth ratg and the consumption share,
c*, react in the same manner to changes in the emission tax gl so that maximizing
the balanced growth rate also maximizes welfare. Furiladle 2confirms that there exists
an inverted U-shaped curtbetween the emission tax ratio and the balanced growth rate
and welfare. For the higher damage £ 0.04,4» = 0.05) it is optimal to choose the emission
tax rate so that the temperature remains at its pre-industrial level, implying that the damage
is zero. For a lower damage corresponding to the temperature incegas® 03,y =0.03)
the balanced growth rate is maximized for a value©@iK that gives an average surface
temperature exceeding the pre-industrial level. In this case, accepting a deviation from the
pre-industrial average global surface temperature has positive growth and welfare effects
in the long-run.

4. The social planner’s problem

In formulating the optimization problem, a social planner takes into account both the pos-
itive and negative externalities of capital. Consequently, for the social planner the resource
constraint is given by

K =BKD(T —Tp)—C — A —(8+n)K, K(0)= Ko. (27)

Then the optimization problem is

o0
max e Lo€"InCdt, (28)
C.A Jo

subject to(27), (5), (6) and(9), whereD(-) is again given by24).
To find necessary optimality conditions we formulate the current-value Hamiltonian
which is
H(:)=INC+ A(BKD(T —Tp) — C — A — (8 + n)K) + 13(B1a” KY A~V — uM)

(e ( @(1 — ay(T)) — (5.67 x 1078) <119(?;) Tt

M
+(1-£)63 |nMO> , (29)

with «1(T) given by(25). Aj, i =2, 3, 4, are the shadow priceskf M andT respectively
andE=aYKYA~". Note thati, is positive whilexz andi4 are negative.

18 \We calculated more values that we, however, do not show here.
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The necessary optimality conditions are obtained as

TC':C—l_kZ:O’ (30)
%}E') = —A3Bra’KYyA "1 — 15 =0, (31)
2= (p+ 8)r2 — 42BD()) — A3Prya’ KV TA77, (32)
bz =(p—n)hz— hap — ra(l — £)6.3c; M, (33)

Ag = (p — n)Ag — A2BK D' () + Aalch) 1341875 (-)

19.95
+24(5.67 x 10°8) (109) AT3(CR) 7L, (34)

with o) = —k1(1 + 0.257T%(T — 293P) " Further, the limiting transversality condition
lim;— oo P K + 23T + A4M) = 0 must hold.

Comparing the optimality conditions of the competitive economy with that of the social
planner demonstrates how the government has to set taxes in order to replicate the social
optimum. Setting13)=(31)shows thatg/LK has to be set such that/LK = 81(—A3)/A2K
holds. Further, setting the growth rate of per capita consumption in the competitive economy
equal to that of the social optimum gives 1 — .

This result shows that the emission tax per aggregate capital has to be set such that
it equals the effective price of emissionsjizfz, divided by the shadow price of capi-
tal times per capita capital2K, for all t € [0,00). This makes the representative house-
hold internalize the negative externality associated with capital. Further, it can be seen
that, as usual, the government has to pay an investment subsidy (or negative income
tax) of t=1—«~!. The latter is to let the representative agent to take into account the
positive spillover effects of capital. The subsidy is financed by the revenue of the emis-
sion tax and/or by a non-distortionary tax, such as a consumption tax, or a lump-sum
tax.

From(30)and(31) we get

2 = (e(-r9)prya) V), (35)

with c= C/K. Using(35), (30) and(32) the social optimum is completely described by the
following system of autonomous differential equations:

C = C(BD(") — (p + 8) — ((C/K)(—A3)prya?) ), (36)
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) 1/(1+y)
K=K (BD(~) - % - ((;) (—Aa)ﬂlyay> -6+ n)) ., K(0) = Ko,

(37)
. c\ ~V/@+y)
W= (K) ()~ YA 1A /) _ vt m(0) = M
(38)
: 19.95 M
T =cpt (341875(1— a1(T)) — 5.67x 1078 ( 109 ) T* +6.3(1— &) In)
Mo
7(0) = To, (39)
bz =(p—nmhz+ hap — ra(l— £)6.3c M, (40)

ha = (p = nha = B D) + haler)341875()

19.95
+24(5.67 x 1078 <109> ctar®). (41)
As for the competitive economy a BGP is given for variablésM*, A3, A7 andc” such
thatT = M = 0 andC/C = K/K holds, withM >Mg. It should be noted that =M =0
|mpI|eskg =i =0. _

To study the dynamics we proceed as follows. Siage€ = K/K holds on the BGP,
we get from(37) and (36) ¢* = p — n. Next, we setM = 0 giving M=M(%3, ). Insert-
ing M=M(A3,-) in A3 and sett|ngA3 = 0 yields A4 =24(23, ). Using M=M(a3,-) and
ra=xa(r3,-) and settingl = 0 gives A3 =x3(T,-). Finally, insertingiz =13(T,-) in Aa
gives a differential equation that only dependsToand aT* such that.s = 0 holds and
gives a BGP for the social optimum.

For the parameter values employed in the last section &ith0.04, v =0.05 in the
damage function shows that there exists a unique BGP that is saddle point stable (two
negative real eigenvalues). The temperature and the GHG concentratior=287.9 and
M* =1.02, implying a temperature increase of0.1

However, this result depends on the damage function. For extremely small dam-
ages going along with global warming we get a different outcome. For example,
with a; =0.004, »=0.004 a temperature increase of @duces world-wide GDP by
merely 0.014 percent. With theses values we get three equilibria where two are sad-
dle point stable and one is unstable. The temperatures on the BGPE' are292,

= 2943 and T3 = 2954. The eigenvalues of the Jacobian matyix, i=1, 2, 3,

4, corresponding tq38)+(41) are u11=3.37, nu12=—3.36, 1©13=0.31, n14=-0.3 for
T =T;, p12=4.7, o2=—4.69, 1123=0.005 +0.12/i, 1124=0.005-0.12/i for T = T}
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di4
0.0125
0.01
0.0075
0,005

0.0025

‘ . 7
2 293 204 395 296

-0.0025

-0.005

Fig. 4. Multiple equilibra in the social optimum fag =0.004,y» = 0.004.

di4

0.0125
0.01
0.0075
0.005

0.0025

292 293 294 295 296

-0.0025

Fig. 5. Unique equilibrium in the social optimum fag = 0.004,y =0.005.

anduss=6.34,u32=—6.33,u33=0.07,u34=—0.06 forT = T3. If the damage of the tem-
perature increase is slightly larger, then the long-run BGP is again unique. $gttifg004,
¥ =0.005 we geT™* =291.8, and this equilibrium is saddle point stalbligis. 4 and Sllus-
trate the two situations.

5. Conclusions

This paper has analyzed the dynamics of a simple endogenous growth model with global
warming. Taking into account that the albedo of the earth depends on the average global
surface temperature we could demonstrate that the competitive economy may be character-
ized by multiple long-run BGPs. In this case, the long-run outcome depends on the initial
conditions of the economy.
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Table 3
Balanced growth rateg* and T* for different values ofrg/LK with a3 =0.04,v=0.05 anda; =0.03,v =0.03,
respectively

a1=0.04,1=0.05 a1=0.03,1y=0.03
TelLK g ct ™ Te/LK g ct T

0.0011 0.0260 0.1702 291.2 0.0011 0.0273 0.1718 291.2
0.004 0.0280 0.1728 287.8 0.0035 0.0281 0.1729 288.4
0.0055 0.0277 0.1725 287.0 0.0042 0.0280 0.1728 287.8

We should like to point out that the change in the albedo does not have to be large to
generate this outcome. Our example showed that even a quantitatively small decrease in
the albedo may generate multiple equilibria. It is the existence of the feedback effect of a
higher temperature influencing the albedo of the earth that leads to this result. Further, other
feedback effects, for example a change in the ratio of emitted to reflected radiative flux,
leading to non-linearities would produce the same qualitative outcome.

The government plays an important role in our model because the choice of the emission
tax ratio affects not only the temperature change in equilibrium but also the dynamics of
the competitive economy, so the emission tax ratio, and thus the abatement share, is crucial
as to whether the long-run BGP is unique or whether there exist several BGPs. The social
planner’s problem is characterized by a unique BGP for plausible damages going along
with global warming. However if the damages caused by the temperature increase are very
small, the social optimum may also generate multiple equilibria and possibly thresholds.

Overall, as concerning government actions, we obtain in our model results similar to
those in the growth literatur®. A zero emission tax is not necessarily welfare improving.
Since there are negative externalities arising from private activities, a government emission
tax increases incentives for private abatement activities. As we have demonstfatele i
by presuming a unique steady state there exists a welfare, or growth maximizing, emission
tax, and the optimal emission tax is not necessarily zero. However, we want to note that if
the presumption of a unique steady state does not hold, there could occur bifurcations to
multiple equilibria. In this case, however, as demonstrated in Griine et al. in this volume,
the problem of an ‘optimal’ tax scheme is more difficult to treat, since the welfare effects
of tax schemes are more complex and can only be studied numerically.
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